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Abstract
For a regular scheme and its reduced closed subscheme, the latter being of finite
type over a perfect field of positive characteristic, we define its cotangent bundle
restricted to the closed subscheme as a family of vector bundles on smooth schemes
over the field endowed with morphisms to the closed subscheme factoring through
the Frobenius.
For a constructible complex on the e´tale site of the scheme, we introduce the
condition to be micro-supported on a closed conical subset in the cotangent bundle.
We compute the singular supports of certain Kummer sheaves of rank 1.
Let S be a scheme, let k be a perfect field of characteristic p > 0 and let T ⊂ S be
a closed subscheme, that is a scheme of finite type over k. For example, we consider the
case where S = SpecOK for a discrete valuation ring with residue field k and T consists
of the closed point s = Spec k. Another example is S = T = Spec k.
Let X be a regular scheme of finite type over S. For a smooth scheme E over k and a
morphism E → XT = X ×S T over k factoring through the relative Frobenius E → E(p),
the cohomology sheaf H1(LE/X) of the cotangent complex is a locally free OE-module of
rank dimX (Corollary 1.1.10) and its formation commutes with base change (Proposition
1.1.9.2). We define the cotangent bundle T ∗X|E of X evaluated at E to be the vector
bundle on E associated to the locally free OE-module H1(LE/X). The fiber T ∗X|x at a
closed point x ∈ XT is the vector space mx/m2x regarded as a scheme over the residue field
k(x).
We call the family of vector bundles T ∗X|E the cotangent bundle of X restricted to XT
and let it denoted by T ∗X|XT (Definition 1.2.3). We define a closed conical subset C of
T ∗X|XT to be a family of closed conical subsets compatible with base change. For a mor-
phism h : W → X of regular schemes of finite type over S, we define the C-transversality
in Definition 1.3.2.1 for a closed conical subset C of T ∗X|XT similarly as in [4, 1.2].
Let Λ be a finite field of characteristic invertible on S. For a separated morphism
h : W → X of schemes of finite type over S and a constructible complex F of Λ-modules
on the e´tale site of X , we define the F -transversality (Definition 2.1.5) as the property for
the canonical morphism cF ,h : h
∗F ⊗Rh!Λ→ Rh!F (2.4) to be an isomorphism, similarly
as in [15, Definition 8.5]. Using the C-transversality and the F -transversality, we define the
condition for F to be micro-supported on C in Definition 3.1.1. This is a property along
the closed closed subscheme XT . For example, if S = SpecOK as above, then F is locally
1
constant on a neighborhood of the closed fiber Xs if and only if F is micro-supported on
the 0-section T ∗XX|Xs.
If the smallest closed conical subset of T ∗X|XT on which F is micro-supported exists,
we call it the singular support SSF of F . The author does not know how to show the
existence in general. We compute the singular support explicitly for some sheaves of rank
1 defined by Kummer coverings in Proposition 3.2.5.
The sheaf H1(LE/X) is equipped with a lifting of derivation. In the case where X =
SpecA for a local ring A with residue field k and E = Spec k1/p, such a lifting is constructed
in [9, 9.6.12]. We show in Corollary 1.1.8 that they are canonically identified.
The author thanks Luc Illusie for comments on an earlier version. The author thanks
Ofer Gabber for indicating another construction of tangent spaces and the reference in [9].
The research is partially supported by Grant-in-Aid (B) 19H01780.
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1 Cotangent bundles
In this section, we define the cotangent bundle of a regular scheme, restricted to a closed
subscheme of finite type over a perfect field of characteristic p > 0 and study properties
of morphisms with respect to its closed conical subsets. In Section 1.1, we first introduce
lifted derivations in Definition 1.1.3 and study the relation with H1 of cotangent complexes
in Proposition 1.1.5. Under a certain condition of regularity, we show that H1 of cotangent
complexes is a locally free module of the same rank as the dimension of the scheme in
Proposition 1.1.9 and Corollary 1.1.10.
We prepare terminology and functorial constructions on closed conical subsets of fam-
ilies of vector bundles in Section 1.2. In Section 1.3, we first define (Definition 1.3.1) the
cotangent bundle of a regular scheme restricted to a closed subscheme over a perfect field
k of characteristic p > 0 as a family of vector bundles on smooth scheme over k endowed
with morphisms to the subscheme, factoring through the Frobenius.
We study properties of morphisms with respect to a given closed conical subset in
Sections 1.3 and 1.4. In Section 1.3, we study the transversality for morphisms to X . In
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Section 1.4, we study the acyclicity, which was also called transversality, for morphisms
from X .
1.1 H1 of cotangent complexes and lifted derivations
We recall some of basic properties on cotangent complexes from [11, Chapitres II, III]. For a
morphism of schemes X → S, the cotangent complex LX/S is defined [11, Chapitre II, 1.2.3]
as a chain complex of flat OX -modules, whose cohomology sheaves are quasi-coherent.
There is a canonical isomorphism H0(LX/S)→ Ω1X/S [11, Chapitre II, Proposition 1.2.4.2].
This induces a canonical morphism LX/S → Ω1X/S [0].
For a commutative diagram
(1.1)
X ′ −−−→ S ′
f
y y
X −−−→ S,
a canonical morphism Lf ∗LX/S → LX′/S′ is defined [11, Chapitre II, (1.2.3.2)′]. For a
morphism f : X → Y of schemes over a scheme S, a distinguished triangle
(1.2) Lf ∗LY/S → LX/S → LX/Y →
is defined [11, Chapitre II, Proposition 2.1.2].
The cohomology sheaf H1(LX/S) is studied as the module of imperfection in [10,
Chapitre 0, Section 20.6]. If X → S is a closed immersion defined by the ideal sheaf
IX ⊂ OS and if NX/S = IX/I2X denotes the conormal sheaf, there exists a canonical
isomorphism H1(LX/S) → NX/S [11, Chapitre III, Corollaire 1.2.8.1]. This induces a
canonical morphism LX/S → NX/S[1].
Lemma 1.1.1. 1. ([11, Chapitre III, Proposition 1.2.9]) Let f : X → Y be an immersion
of schemes over a scheme S. Then, the boundary morphism ∂ : NX/Y → f ∗Ω1Y/S of the
distinguished triangle Lf ∗LY/S → LX/S → LX/Y → sends g to −dg.
2. ([11, Chapitre III, Proposition 3.1.2 (i)⇒(ii)]) Let X → S be a smooth morphism.
Then, the canonical morphism LX/S → Ω1X/S[0] is a quasi-isomorphism.
3. ([11, Chapitre III, Proposition 3.2.4 (iii)]) If X → S is a regular immersion, the
canonical morphism LX/S → NX/S[1] is a quasi-isomorphism.
For a scheme E over Fp, let F : E → E = E ′ denote the absolute Frobenius morphism.
We canonically identify Ω1E/Fp = Ω
1
E/E′ .
Lemma 1.1.2. Let p be a prime number and let E be a scheme over Fp.
1. Let f : E → X be a morphism of schemes. For the canonical surjection
(1.3) Ω1E/Z → Ω1E/X ,
we consider the following conditions:
(1) The morphism f : E → X factors through the absolute Frobenius morphism F : E →
E.
(2) The surjection (1.3) is an isomorphism.
3
We have (1)⇒(2). If E is smooth scheme over a field k, we have (2)⇒(1).
2. If E is smooth over a field k, then the canonical morphism LE/Fp → Ω1E/Fp[0] is a
quasi-isomorphism and the OE-module Ω1E/Fp is flat.
3. If E ′ → E is a morphism of schemes smooth over fields, we have an exact sequence
(1.4) 0→ H1(LE′/E)→ Ω1E/Fp ⊗OE OE′ → Ω1E′/Fp → H0(LE′/E)→ 0
and Hq(LE′/E) = 0 for q > 1.
Proof. 1. (1)⇒(2): Suppose f : E → X factors through F : E → E = E ′. Then since the
surjection Ω1E/Z → Ω1E/E′ is an isomorphism, the surjections Ω1E/Z → Ω1E/X → Ω1E/E′ are
isomorphisms.
(2)⇒(1): Since F : E → E is a homeomorphism, the continuous mapping f : E → X
is the composition of F : E → E with a unique continuous mapping g : E → X . By the
assumption that E is smooth over a field, the sequence 0 → OE → F∗OE d→ F∗Ω1E/Fp is
exact. Hence the condition (2) means that the morphism g−1OX → F∗OE factors through
g−1OX → OE(p) and is equivalent to (1).
2. By the distinguished triangle Lk/Fp ⊗k OE → LE/Fp → LE/k and Lemma 1.1.1.2,
the assertion is reduced to the case where E = Spec k. Since the formation of cotangent
complexes commutes with limit, it is reduced to the case where E is smooth over k = Fp.
Hence the assertion follows from Lemma 1.1.1.2.
3. The assertion follows from the distinguished triangle LE/Fp ⊗OE OE′ → LE′/Fp →
LE′/E → and 2.
We consider a lifting of derivation as a mapping satisfying the Leibniz rule and a
modification of the additivity.
Definition 1.1.3. Let p be a prime number and B be a ring over Fp. Let g : A → B a
morphism of rings and define f : A→ B to be the composition f = F ◦ g with the absolute
Frobenius F : B → B. For a B-module M , we say that a mapping δ : A → M is a lifted
derivation if the following conditions are satisfied: For a, b ∈ A, we have
δ(a+ b) = δa+ δb+
p−1∑
i=1
g(a)
i!
g(b)p−i
(p− i)! · δp,(1.5)
δ(ab) = f(b) · δa+ f(a) · δb.(1.6)
If one of g(a), g(b) is 0, we have δ(a + b) = δa + δb. A usual derivation is a lifted
derivation satisfying δp = 0. For a scheme E over Fp, for a morphism g : E → X of
schemes and the composition f = g ◦ F with the absolute Frobenius F : E → E and for a
quasi-coherent OE-moduleM, we define similarly a lifting of derivation δ : f−1OX →M.
Lemma 1.1.4. Let p be a prime number and B be a ring over Fp. Let g : A → B a
morphism of rings and define f = F ◦ g to be the composition with the absolute Frobenius
F : B → B.
1. There exists a pair of B-module Ω˜1A,B and a lifted derivation d˜ : A→ Ω˜1A,B satisfying
the following universal property: For a B-module M and a lifted derivation δ : A → M ,
there exists a unique B-linear mapping h : Ω˜1A,B → M such that δ = h ◦ d˜.
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2. Let ⊗AB denote the tensor product with respect to the morphism induced by f . The
morphism
(1.7) Ω˜1A,B → Ω1A ⊗A B
defined by the derivation d : A→ Ω1A → Ω1A⊗AB is a surjection and its kernel is generated
by d˜p. In particular, if p = 0 in A, the surjection (1.7) is an isomorphism.
3. Let I ⊂ Ker(g : A → B) be an ideal of A and let ⊗A/IB denote the tensor product
with respect to the morphism induced by f . Let I/I2 ⊗A/I B → Ω˜1A,B be the morphism
induced by the restriction of d˜ on I. Then, we have an exact sequence
(1.8) I/I2 ⊗A/I B → Ω˜1A,B → Ω˜1A/I,B → 0.
In the case where A is a local ring with residue field B and g : A → B is the canon-
ical surjection, another construction of Ω˜1A/I,B is given in [9, 9.6.12]. We compare the
constructions in Corollary 1.1.8.
Proof. 1. It suffices to define Ω˜1A,B to be the quotient of the free B-module B
(A) by the
relations corresponding to (1.5) and (1.6).
2. For a B-module M , the set { derivations A→M} is a subset of { lifted derivations
δ : A → M} defined by the condition δ(p) = 0. Hence the assertion follows from the
universality.
3. For a lifted derivation δ : A→ M and a ∈ A, b ∈ I, we have δ(ab) = f(a)δb. Hence
δ induces a B-linear mapping I/I2⊗A/I B → M . For a B-moduleM , the mapping { lifted
derivations A/I →M} → { lifted derivations δ : A→M} defined by the composition with
the canonical surjection A → A/I is an injection and its image is the subset defined by
the condition δ(I) = 0. Hence we obtain an exact sequence (1.8) by the universality.
For a scheme E over Fp and for a morphism g : E → X of schemes and the composition
f = g◦F , a pair of quasi-coherent OE-module Ω˜1X,E and a lifted derivation f−1OX → Ω˜1X,E
are defined by patching.
Proposition 1.1.5 (cf. [16, Lemma 1.1.4, Proposition 1.1.6]). Let f : E → X be a mor-
phism of schemes and assume that E is a scheme over Fp. Let u ∈ Γ(X,OX) and
v ∈ Γ(E,OE) be sections such that u|E = f ∗u ∈ Γ(E,OE) is the p-th power of v.
1. There exists a unique section
(1.9) ω ∈ Γ(E,H1(LE/X))
satisfying the following condition: Let W ⊂ A1X = X ×SpecZ SpecZ[T ] be the closed
subscheme defined by u − T p and define a morphism E → W over X by sending T to
v ∈ Γ(E,OE). Then, the image of ω by Γ(E,H1(LE/X))→ Γ(E,H1(LE/A1X )) is the image
of u− T p ∈ Γ(W,NW/A1X ).
2. Let u′ ∈ Γ(X,OX) and v′ ∈ Γ(E,OE) be another pair of sections satisfying u′|E = v′p
and define ω′, σ, µ ∈ Γ(E,H1(LE/X)) for pairs (u′, v′), (u+ u′, v + v′), (uu′, vv′) similarly
as in (1.9). Let d˜p ∈ Γ(E,H1(LE/X)) denote the image of p ∈ NFp/Z. Then, we have
σ = ω + ω′ +
p−1∑
i=1
vi
i!
v′(p−i)
(p− i)! · d˜p,(1.10)
µ = u′ · ω + u · ω′.(1.11)
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3. Assume v = 0 and let E → Z ⊂ X be the morphism to the closed subscheme defined
by u. Then the morphism Γ(Z,NZ/X)→ Γ(E,H1(LE/X)) defined by LZ/X⊗LOZOE → LE/X
sends u ∈ Γ(Z,NZ/X) to ω ∈ Γ(E,H1(LE/X)) (1.9).
4. Let X → S be a morphism of schemes. Then, the minus of the boundary mapping
−∂ : H1(LE/X) → Ω1X/S ⊗OX OE of the distinguished triangle LX/S ⊗LOX OE → LE/S →
LE/X → sends ω ∈ Γ(E,H1(LE/X)) (1.9) to du ∈ Γ(E,Ω1X/S ⊗OX OE).
Proof. 1. The distinguished triangle LA1X/X ⊗OA1X OE → LE/X → LE/A1X → defines an
exact sequence 0→ H1(LE/X)→ H1(LE/A1X )→ Ω1A1X/X ⊗OA1X OE . Since d(u− T
p) = 0 in
Γ(E,Ω1
A1X/X
⊗O
A1
X
OE), the assertion follows Lemma 1.1.1.1.
2. Let W ′ be the closed subscheme of A2X defined by (T
p − u, T ′p − u′). Then, (1.10)
follows from the binomial expansion
(u+ u′)− (T + T ′)p = (u− T p) + (u′ − T ′p)−
p−1∑
i=1
T i
i!
T ′(p−i)
(p− i)! · p!
and the congruence (p− 1)! ≡ −1 mod p. Similarly, (1.11) follows from
(uu′)− (TT ′)p = u′(u− T p) + u(u′ − T ′p)− (u− T p)(u′ − T ′p).
3. Since the morphism E → W ⊂ A1X factors through the 0-section Z ⊂ A1X , the
assertion follows from T p = 0 in Γ(Z,NZ/A1X).
4. The morphisms E →W → A1X → X → S define a commutative diagram
H1(LE/X) −−−→ H1(LE/A1X ) ←−−− NW/A1X ⊗OW OE
−∂
y −∂y yd
Ω1X/S ⊗OX OE −−−→ Ω1A1X/S ⊗OA1X OE Ω
1
A1X/S
⊗O
A1
X
OE
by Lemma 1.1.1.1. Since d(u−T p) = du in Γ(E,Ω1
A1X/S
⊗O
A
1
X
OE) and since the lower left
horizontal arrow is an injection, the assertion follows.
The construction in Proposition 1.1.5 defines a lifted derivation.
Definition 1.1.6. Let X be a scheme and let E be a scheme over Fp. Let g : E → X be
a morphism of schemes and define f : E → X to be the composition f = g ◦ F with the
absolute Frobenius F : E → E.
1. For u ∈ Γ(X,OX), we define
(1.12) d˜u ∈ Γ(E,H1(LE/X))
to be ω ∈ Γ(E,H1(LE/X)) (1.9) for u ∈ Γ(X,OX) and v = g∗u ∈ Γ(E,OE).
2. By sheafifying the construction, we define a lifted derivation d˜ : f−1OX → H1(LE/X)
and the morphism
(1.13) Ω˜1X,E → H1(LE/X)
defined by the universality of Ω˜1X,E.
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The construction of d˜u is functorial. The morphism d˜ : f−1OX → H1(LE/X) is a lifted
derivation by Proposition 1.1.5. We will study the condition for d˜p = 0 in Corollary 1.1.12.
Proposition 1.1.7. Let X be a scheme and let E be a scheme over Fp. Let g : E → X
be a morphism of schemes and define f : E → X to be the composition f = g ◦ F with the
absolute Frobenius F : E → E. Let Z ⊂ X be a closed subscheme such that g : E → X
factors through Z → X and that Z is a scheme over Fp.
1. The morphism Ω˜1Z,E → H1(LE/Z) (1.13) is a splitting injection. It is an isomorphism
if H1(LE/Fp) = 0. This condition is satisfied if E is smooth over a field.
2. If H1(LE/Fp) = 0, then the canonical morphism Ω˜
1
X,E → H1(LE/X) (1.13) is a sur-
jection. If H2(LE/Z) = H1(LE/Fp) = 0, then the canonical morphism Ω˜
1
X,E → H1(LE/X)
(1.13) is an isomorphism and the morphism NZ/X ⊗OZ OE → Ω˜1X,E defined by (1.8) is an
injection. The condition H2(LE/Z) = H1(LE/Fp) = 0 is satisfied if E and Z are smooth
over fields.
Proof. 1. The composition
Ω˜1Z,E
(1.13)−−−−→ H1(LE/Z) −∂−−−→ Ω1Z/Fp ⊗OZ OE
is the isomorphism defined by (1.7) by Proposition 1.1.5.4. Hence Ω˜1Z,E → H1(LZ/X) (1.13)
is a splitting injection. The distinguished triangle LZ/Fp ⊗LOZ OE → LE/Fp → LE/Z →
defines an exact sequence H1(LE/Fp)→ H1(LE/Z)→ Ω1Z/Fp ⊗OZ OE . Hence the vanishing
H1(LE/Fp) = 0 implies the isomorphism. If E is smooth over a field, we have H1(LE/Fp) =
0 by Lemma 1.1.2.2.
2. We consider the commutative diagram
(1.14)
NZ/X ⊗OZ OE −−−→ Ω˜1X,E −−−→ Ω˜1Z,E −−−→ 0∥∥∥ (1.13)y (1.13)y
H2(LE/Z) −−−→ NZ/X ⊗OZ OE −−−→ H1(LE/X) −−−→ H1(LE/Z) −−−→ 0.
The lower line is defined by the distinguished triangle LZ/X ⊗LOZ OE → LE/X → LE/Z →
and the upper line is defined by the exact sequence (1.8). If H1(LE/Z) = 0, the right
vertical arrow is an isomorphism by 1, and hence the middle vertical arrow is a surjection.
Further if H2(LE/Z) = 0, the morphism NZ/X ⊗OZ OE → Ω˜1X,E is an injection and the
middle vertical arrow of (1.14) is an isomorphism.
If E and Z are smooth over fields, we have H2(LE/Z) = H1(LE/Fp) = 0 by Lemma
1.1.2.2 and 3.
Corollary 1.1.8. Let A be a local ring with residue field k of characteristic p > 0.
1. The canonical morphism Ω˜1
A,k1/p
→ H1(Lk1/p/A) is an isomorphism.
2. Let ΩA be the k
1/p-vector space and dA : A→ ΩA be the lifted derivation defined in
[9, 9.6.12]. Then, the morphism Ω˜1
A,k1/p
→ ΩA induced by dA is an isomorphism.
Proof. 1. It suffices to apply Proposition 1.1.7 to g : Z = Spec k → X = SpecA and
f : E = Spec k1/p → X .
7
2. Similarly as (1.14), we consider the diagram
(1.15)
0 −−−→ mA/m2A ⊗k k1/p −−−→ Ω˜1A,k1/p −−−→ Ω1k/Fp ⊗k k1/p −−−→ 0∥∥∥ y ∥∥∥
0 −−−→ mA/m2A ⊗k k1/p −−−→ ΩA −−−→ Ω1k/Fp ⊗k k1/p −−−→ 0.
The upper line is exact by Proposition 1.1.7 and the lower exact sequence is defined in
[9, Proposition 9.6.14]. The middle vertical arrow is induced by the lifted derivation
dA : A→ ΩA and the diagram is commutative. Hence the assertion follows.
We study the structure of the OE-module H1(LE/X) under a certain regularity condi-
tion.
Proposition 1.1.9. Let X be a scheme and let E be a scheme over Fp. Let g : E → X
be a morphism of schemes and define f : E → X to be the composition f = g ◦ F with the
absolute Frobenius F : E → E.
1. Assume that X is regular and that E → X is a morphism of finite type. Then the
OE-module H1(LE/X) is locally free of finite rank.
Further if E ⊂ X is a closed subscheme consisting of a single closed point x and if
mx ⊂ OX,x denotes the maximal ideal, we have H1(LE/X) = mx/m2x.
2. Let E ′ → E be a morphism of schemes smooth over fields. Then the canonical
morphism
(1.16) H1(LE/X)⊗OE OE′ → H1(LE′/X)
is an isomorphism.
3. Assume that E → X is a morphism of smooth schemes over a perfect field k. Then,
the distinguished triangle LX/k ⊗LOX OE → LE/k → LE/X → (1.2) defines an isomorphism
H1(LE/X)→ Ω1X/k ⊗OX OE.
Proof. 1. Since the assertion is local on E, we may assume that there exist a smooth
scheme P over X and a closed immersion E → P over X . Then, the distinguished triangle
LP/X ⊗OP OE → LE/X → LE/P → (1.2) defines an exact sequence 0 → H1(LE/X) →
NE/P → Ω1P/X ⊗OP OE → Ω1E/X → 0 by Lemma 1.1.1. Hence by the isomorphism (1.3),
the coherent OE-module H1(LE/X) is locally free of finite rank.
Since OX,x is regular, the immersion E → X is a regular immersion and the conormal
sheaf NE/X is mx/m
2
x.
2. The distinguished triangle LE/X ⊗OE OE′ → LE′/X → LE′/E → (1.2) defines an
exact sequence H1(LE′/E) → Ω1E/X ⊗OE OE′ → Ω1E′/X → Ω1E′/E → 0. Comparing this
with (1.4) using the isomorphism (1.3), we see that the canonical morphism (1.16) is a
surjection. Further this is an isomorphism since H2(LE′/E) = 0 by Lemma 1.1.2.3.
3. Since X and E are smooth over k, the distinguished triangle defines a long exact
sequence 0 → H1(LE/X) → Ω1X/k ⊗OX OE → Ω1E/k → Ω1E/X → 0. Since Ω1E/k → Ω1E/X is
an isomorphism by Lemma 1.1.2.1, the assertion follows.
Corollary 1.1.10. Let X be a regular scheme and let k be a perfect field of characteristic
p > 0. Let Z ⊂ X be a closed subscheme endowed with a morphism Z → Spec k of finite
type. Let E be a scheme smooth over k and E → Z ⊂ X be a morphism over k factoring
through the absolute Frobenius F : E → E. Let n be an integer such that for every closed
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point x of Z, we have dimOX,x = n. Then, the locally free OE-module H1(LE/X) is of
rank n.
Proof. Let u→ E be a closed point and let x ∈ X be the image. Then, the isomorphism
(1.16) and Proposition 1.1.9.1 define isomorphisms
(1.17) H1(LE/X)⊗OE k(u)→ H1(Lu/X)← mx/m2x ⊗k(x) k(u).
Hence the rank of the locally free OE-module H1(LE/X) is dimk(x)mx/m2x = n.
Proposition 1.1.11. Let f : X → Y be a morphism of finite type of schemes and let E be
a smooth scheme over a perfect field k of characteristic p > 0. Let E → X be a morphism
of schemes factoring through the absolute Frobenius F : E → E. Let
(1.18) LX/Y ⊗LOX OE → LE/Y → LE/X →
be the distinguished triangle (1.2) defined by E → X → Y .
1. Assume that X and Y are regular. Then, the following conditions are equivalent:
(1) The morphism f : X → Y is smooth on a neighborhood of the image of E.
(2) The morphism H1(LE/Y )→ H1(LE/X) is a locally splitting injection.
If these equivalent conditions are satisfied, the distinguished triangle (1.18) defines an exact
sequence
(1.19) 0→ H1(LE/Y )→ H1(LE/X)→ Ω1X/Y ⊗OX OE → 0
of locally free OE-modules.
2. Assume that Y is regular and that f : X → Y is an immersion. Then, the following
conditions are equivalent:
(1) The scheme X is regular on a neighborhood of the image of E.
(2) The morphism NX/Y ⊗OX OE → H1(LE/Y ) is a locally splitting injection.
If these equivalent conditions are satisfied, the distinguished triangle (1.18) defines an exact
sequence
(1.20) 0→ NX/Y ⊗OX OE → H1(LE/Y )→ H1(LE/X)→ 0
of locally free OE-modules.
Proof. 1. The morphism Ω1E/Y → Ω1E/X is an isomorphism by Lemma 1.1.2. Hence
the distinguished triangle (1.18) defines an exact sequence H1(LE/Y ) → H1(LE/X) →
Ω1X/Y ⊗OX OE → 0.
(1)⇒(2): If X → Y is smooth on a neighborhood U of the image of E, the canonical
morphism LX/Y → Ω1X/Y [0] is an isomorphism on U ⊂ X by Lemma 1.1.1.2 and Ω1X/Y is
locally free on U . Hence we obtain an exact sequence (1.19) of locally free OE-modules.
(2)⇒(1): Since the assertion is local on E, we may assume that X → Y is the com-
position of a regular immersion X → P and a smooth morphism P → Y . Then, by the
distinguished triangles Ω1P/Y⊗OPOX → LX/Y → NX/P [1]→ and (1.18), we obtain an exact
sequence 0→ Ker(NX/P ⊗OXOE → Ω1P/Y ⊗OP OE)→ H1(LE/Y )→ H1(LE/X). If the mor-
phism H1(LE/Y )→ H1(LE/X) is a locally splitting injection, then NX/P → Ω1P/Y ⊗OP OX
is a locally splitting injection on a neighborhood of the image of E. Hence X → Y is
smooth on a neighborhood of the image of E.
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2. (1)⇒(2): We may assume that X is regular. Then the immersion X → Y is a
regular immersion. Hence the distinguished triangle (1.18) and the quasi-isomorphism
Lemma 1.1.1.3 define an exact sequence (1.19) of locally free OE-modules.
(2)⇒(1): Let t ∈ E be a closed point and x ∈ XT be the image. Then, since NX/Y ⊗OX
OE → H1(LE/Y ) is a locally splitting injection, by Proposition 1.1.9.2 applied to t → E
and t → x and Proposition 1.1.9.1 applied to x ∈ Y , the morphism NX/Y ⊗OX k(t) →
mx/m
2
x⊗k(x)k(t) is an injection for the maximal ideal mx ⊂ OY,x. Hence NX/Y ⊗OX k(x)→
mx/m
2
x is an injection and the ideal IX ⊂ OY defining X ⊂ Y is generated by a part of
regular system of local parameters at x.
Corollary 1.1.12. Let S = SpecOK for a discrete valuation ring with perfect residue
field k of characteristic p > 0. Let X be a regular scheme of finite type over S and
let ∅ 6= E ∈ F (X). Then, the section d˜p ∈ Γ(E,H1(LE/X)) defines a locally splitting
injection OE → H1(LE/X) if and only if p is a uniformizer of K and X is smooth over S
on a neighborhood of the image of E.
Proof. Since p is a basis of the conormal sheaf NZ/X , it suffices to apply Proposition
1.1.11.2 to the closed immersion Z = X ×S SpecOK/(p)→ X .
1.2 Closed conical subsets
In the rest of this section, we fix a separated scheme S, a perfect field k of characteristic
p > 0, a closed subscheme T ⊂ S and a morphism T → s = Spec k of finite type. For a
scheme E over k, let E(p) denote the base change of E by the absolute Frobenius k → k and
the relative Frobenius F : E → E(p) is defined as the morphism induced by the absolute
Frobenius E → E. Since k is perfect, the projection E(p) → E is an isomorphism.
Definition 1.2.1. Let S, T, k be as above and let X be a separated scheme over S. Let
F (X) denote the category of commutative diagrams
(1.21) E
f //
yyttt
t
t
t
t
t
t
t
X

s = Spec k Too // S
of separated schemes such that E is smooth over s = Spec k and that f : E → X factors
through the relative Frobenius F : E → E(p). A morphism in F (X) is a morphism E ′ → E
of smooth schemes over s compatible with the morphisms to X. By abuse of notation, we
write E ∈ F (X) for an object (1.21) of F (X).
An object E of F (X) is defined by giving a morphism E(p) → X ×S T over k. If
E = Spec k′ for a finite extension of k, a morphism E → X inducing a morphism E → T
over s defines an object of F (X) since k′ is perfect. For a morphism X → Y of schemes
of finite type over S, the composition defines a functor F (X)→ F (Y ).
Lemma 1.2.2. Let X be a separated scheme of finite type over S.
1. There exists an object E of F (X) such that E → XT is proper surjective.
2. Let E,E1 be objects of F (X) such that E1 → XT is proper surjective. Then, there
exist morphisms E2 → E1 and E2 → E of F (X) such that E2 → E is proper surjective.
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3. Let X → Y be a morphism of schemes of finite type over S and E ∈ F (Y ). Then,
there exist F ∈ F (X) and a morphism F → E of schemes compatible with X → Y such
that F → E ×X Y is proper and surjective.
Proof. It suffices to apply the alteration [5, Theorem 4.1] to XT , to E×XE0 and to E×X Y
respectively.
Let V be a vector bundle over a scheme Y . We say that a closed subset of V is conical
if it is stable under the action of Gm,Y . For a closed conical subset C ⊂ V , the intersection
B = C ∩ Y with the 0-section Y ⊂ V regarded as a closed subset of Y is called the base
of C. The base B equals the image of C by the projection V → Y .
Definition 1.2.3. Let X be a separated scheme of finite type over S.
1. We call a pair V of families of vector bundles (VE)E∈F (X) and morphisms (VE′ →
VE)E′→E a vector bundle on F (E) if the following conditions are satisfied: For E ∈ F (X),
the morphism VE → VE is the identity. For morphisms E ′′ → E ′ → E of F (X), the
morphism VE′′ → VE is the composition of VE′′ → VE′ → VE. For morphisms E ′ → E of
F (X), the diagram
VE′ −−−→ VEy y
E ′ −−−→ E
is cartesian.
2. Let V = (VE)E∈F (X) be a vector bundle on F (X). We say that a family C =
(CE)E∈F (X) of closed conical subsets CE ⊂ VE is a closed conical subset of V if for a
morphism E ′ → E in F (X), the diagram
(1.22)
CE ←−−− CE′
∩
y y∩
VE ←−−− VE′
is cartesian.
3. Let V = (VE)E∈F (X) be a vector bundle on F (X) and C = (CE)E∈F (X) be a closed
conical subset of V .
We call the subset B(C) =
⋃
E∈F (X) Image(CE → XT ) of XT the base of C. We say
that C is irreducible, if C 6= ∅ and if C = C ′ ∪ C ′′ implies C = C ′ or C = C ′′ for closed
conical subsets C ′, C ′′ ⊂ C.
Vector bundles on F (E) form naturally a category. For a morphism f : X → Y of
separated schemes of finite type over S, and for a vector bundle V on F (Y ), the pull-
back f ∗V is defined as a vector bundle on F (X) by pull-back by the natural functor
F (X)→ F (Y ). For a morphism V ′ → V of vector bundles on F (X) and a closed conical
subset C of V , the family of inverse images define a closed conical subset C ′ of V ′.
A closed conical subset of a vector bundle is determined in the following ways.
Lemma 1.2.4. Let X be a separated scheme of finite type over S and let C = (CE)E∈F (X)
be a closed conical subset of a vector bundle V = (VE)E∈F (X) on F (X). Let E ∈ F (X).
1. Let E2 → E1 and E2 → E be morphisms of F (X) such that E1 → XT and E2 → E
are proper surjective. Then, CE ⊂ VE is the image of the inverse image CE2 ⊂ VE2 of
CE1 ⊂ VE1.
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2. For closed points x ∈ XT , let Cx ⊂ T ∗xX denote the closed conical subsets Cx ⊂ Vx
for x ∈ F (X). Then, CE ⊂ VE is the closure of the union of Cx ×x t ⊂ VE ×E t for closed
points t ∈ E and the images x ∈ XT .
Proof. 1. This follows from the cartesian diagram (1.22).
2. For a closed point t ∈ E, the intersection CE ∩ (VE ×E t) ⊂ VE is Ct = Cx ×x t for
t ∈ F (X) by the cartesian diagram (1.22). Since the closed points are dense in CE , the
assertion follows.
Lemma 1.2.5. Let X be a separated scheme of finite type over S. Let C = (CE)E∈F (X)
be a closed conical subset of a vector bundle V = (VE)E∈F (X) on F (X).
1. The N∪{−∞}-valued function dimC on the set XT,0 of closed points of XT defined
by dimC(x) = dimCx is upper semi-continuous.
2. There exists only finitely many irreducible components of C.
3. The base B(C) of C is a closed subset of XT .
4. If C is irreducible, then B(C) is irreducible.
Proof. By Lemma 1.2.2.1, there exists an object E1 of F (X) such that f : E1 → XT is
proper and surjective.
1. The function dimCE1 on E1 defined by dimCE1(u) = dimCu is upper semi-
continuous by [10, The´ore`me (13.1.3)]. For an integer n ∈ Z, the set {x ∈ XT,0 |
dimC(x) ≧ n} is the intersection of XT,0 with the image of the closed subset {u ∈
E1 | dimCE1(u) ≧ n}, by the cartesian diagram (1.22). Since f : E1 → XT is proper, the
assertion follows.
2. The ordered set A of closed conical subsets of C is identified with a sub ordered
set of the ordered set A1 of closed conical subsets of CE1 by Lemma 1.2.4.1. Since A1 is
noetherian, A is also noetherian and the assertion follows by noetherian induction.
3. It suffices to show that B(C) = f(B(CE1)). The set A = {x ∈ XT | Cx 6= ∅} is a
subset of f(B(CE1)) ⊂ B(C). For E ∈ F (X), since the closed points are dense in E, the
image of B(CE) is a subset of the closure A¯ ⊂ f(B(CE1)) and the assertion follows.
4. Suppose B(C) is the unionB′∪B′′ of closed subsets and set C ′ = (CE×B(C)B′)E∈F (X)
and C ′′ = (CE ×B(C) B′′)E∈F (X). If C is irreducible, we have C = C ′ or C = C ′′ and hence
B(C) = B′ or B(C) = B′′.
For an irreducible closed conical subset C = (CE)E∈F (X) of a vector bundle V =
(VE)E∈F (X) on F (X), we define its dimension by
(1.23) dimC = dimB(C) + min
x∈B(C)
dimC(x).
Lemma 1.2.6. Let X be a separated scheme of finite type over S and let V → V ′ be a
morphism of vector bundles on F (X). Let C = (CE)E∈F (X) be a closed conical subset of V .
Assume that for every E ∈ F (X), the intersection CE ∩Ker(VE → V ′E) is a subset of the
0-section. Then, the family C ′ = (C ′E)E∈F (X) of the images C
′
E ⊂ V ′E of CE by VE → V ′E
is a closed conical subset of V ′.
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Proof. By [4, Lemma 1.2(ii)] or [15, Lemma 3.1], the images C ′E ⊂ V ′E are closed subsets.
For a morphism E ′ → E in F (X), since the diagram
V ′E ←−−− V ′E′y y
VE ←−−− VE′
is cartesian by Proposition 1.1.9.2, the cartesian diagram (1.22) induces a similar cartesian
diagram for C ′E .
We say that a morphism f : X → Y of schemes is proper on a closed subset Z ⊂ X if
for every base change f ′ : X ′ → Y ′ of f its restriction to the inverse image Z ′ ⊂ X ′ is a
closed mapping.
Lemma 1.2.7. Let f : X → Y be a morphism of separated schemes of finite type over S.
Let V and V ′ be vector bundles on X and on Y respectively and let q : f ∗V ′ → V be a
morphism of vector bundles on X. Let C be a closed conical subset of V such that f is
proper on the base B(C).
Then, there exists a unique closed conical subset C ′ = (C ′E)E∈F (Y ) of V
′ satisfying the
following condition: Let E ∈ F (Y ), F ∈ F (X) and
F −−−→ Ey y
X −−−→ Y
be a commutative diagram such that F → X ×Y E is proper and surjective. Then, C ′E =
pF (q
−1
F (CF )) ⊂ V ′E is the image of CF ⊂ VF by the algebraic correspondence
VF
qF←−−− V ′F pF−−−→ V ′E.
Proof. For a closed point x ∈ XT and y = f(x) ∈ YT , let
(1.24) Vx
qx←−−− V ′y ×y x px−−−→ V ′y
be the canonical morphisms and let Ax = px(q
−1
x (Cx)) ⊂ V ′y be the image of Cx ⊂ Vx by the
algebraic correspondence (1.24). For an object g : E → Y of F (Y ), define a closed conical
subset C ′E ⊂ V ′E to be the closure of the union C ′E,0 =
⋃
f(x)=g(t)(Ax×f(x)t) ⊂
⋃
t∈E V
′
t ⊂ V ′E
where x and t run closed points of X and E.
We show that the condition in Lemma is satisfied. The inverse image AF = q
−1
F (CF ) ⊂
V ′F is the closure of the union
⋃
u∈F (Ax ×x u) ⊂
⋃
u∈F V
′
u where x ∈ X is the image of
u ∈ F . By the assumption that f is proper on B(C), the morphism pF : V ′F → VE is
proper on AF . Hence C
′
E is the image of AF .
We show that C ′ = (C ′E)E∈F (Y ) is a closed conical subset. For E ∈ F (Y ), by Lemma
1.2.2.3, there exist F ∈ F (X) and a morphism F → E as in the condition in Lemma. As
we have already shown, C ′E,0 is the intersection of C
′
E with
⋃
t∈E Vt. Since the diagram
(1.22) is cartesian for C ′E,0 with V replaced by V
′, the diagram (1.22) is also cartesian for
C ′E.
The uniqueness follows from the fact that C ′ is determined by C ′y for closed points
y ∈ YT by Lemma 1.2.4.2
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Definition 1.2.8. Let f : X → Y be a morphism of separated schemes of finite type over
S. Let V and V ′ be vector bundles on F (X) and on F (Y ) respectively and let q : f ∗V ′ → V
be a morphism of vector bundles on F (X). Let C be a closed conical subset of V such that
f is proper on the base B(C). Then, we define a closed conical subset f◦C of V
′ to be C ′
in Lemma 1.2.7.
1.3 Cotangent bundles and C-transversality
We keep the notation S ⊃ T and k fixed in the beginning of Section 1.2.
Definition 1.3.1. Let X be a regular scheme of finite type over S. For E ∈ F (X), we
call the vector bundle T ∗X|E over E associated to the locally free OE-module H1(LE/X)
the cotangent bundle of X on E. We regard a closed point x ∈ XT as an object of F (X)
and define the cotangent space T ∗xX at x to be T
∗X|x.
We call the vector bundle T ∗X|XT = (T ∗X|E)E∈F (X) on F (X) the cotangent bundle of
X restricted to the reduced part of XT = X ×S T .
The cotangent bundle T ∗X|XT satisfies the condition on the base change in Definition
1.2.3.1 by Proposition 1.1.9.2. For a closed point x ∈ XT , the cotangent space T ∗xX is the
k(x)-vector space mx/m
2
x regarded as a scheme SpecSk(x)(mx/m
2
x)
∨ over x. If S = T , the
cotangent bundle T ∗X|E is simply the pull-back of the cotangent bundle T ∗X to E by
Proposition 1.1.9.3.
Let f : X → Y be a morphism of regular separated schemes of finite type over S.
Then, we have a canonical morphism f ∗(T ∗Y |YT )→ T ∗X|XT of vector bundles on F (X).
Consequently, if f : X → Y is proper on the base B(C) of a closed conical subset C of
T ∗X|XT , then a closed conical subset f◦C of T ∗Y |YT is defined by Definition 1.2.8.
In the notation of Proposition 1.1.11.1, let T ∗X/Y |E denote the vector bundle defined
by the locally free OE-module Ω1X/Y ⊗OX OE and let
(1.25) 0→ T ∗Y |E → T ∗X|E → T ∗X/Y |E → 0
denote the exact sequence of vector bundles on E defined by (1.19). Similarly, in the
notation of Proposition 1.1.11.2, let T ∗XY |E denote the vector bundle defined by the locally
free OE-module NX/Y ⊗OX OE and let
(1.26) 0→ T ∗XY |E → T ∗Y |E → T ∗X|E → 0
denote the exact sequence of vector bundles on E defined by (1.20).
Example. Let Z ⊂ X be a regular closed subscheme and i : X → Y be the closed
immersion. Then the family of T ∗ZX|E ⊂ T ∗X|E (1.26) defines a closed conical subset
of T ∗X|XT denoted T ∗ZX|XT and called the conormal bundle of Z in X . In particular,
for Z = X , the family of the 0-sections T ∗XX|E of T ∗X|E defines a closed conical subset
T ∗XX|XT . The conormal bundle T ∗ZX|XT equals i◦C for the 0-section C = T ∗ZZ|ZT of
T ∗Z|ZT .
Definition 1.3.2. Let h : W → X be a morphism of regular separated schemes of finite
type over S and let C = (CE)E∈F (X) be a closed conical subset of T
∗X|XT .
1. ([4, 1.2], [15, Definition 3.3]) We say that h : W → X is C-transversal if for every
E ∈ F (W ), the intersection of CE ⊂ T ∗X|E with the kernel Ker(T ∗X|E → T ∗W |E) is a
subset of the 0-section.
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2. Assume that h is C-transversal. Then we define a closed conical subset h◦C of
T ∗W |WT to be the family (C ′E)E∈F (W ) of the images C ′E of CE by T ∗X|E → T ∗W |E as in
Lemma 1.2.6.
To see if h is C-transversal, it suffices to check the condition for every closed point
w ∈ WT by Lemma 1.2.4.2.
Definition 1.3.3. Let f : X → Y and g : V → Y be morphisms of finite type of regular
schemes and let W1 ⊂ W = X ×Y V be an open subscheme. We say that f and g are
transversal on W1 if W1 is regular and if the canonical morphism LX/Y ⊗LOX OW → LW/V
is an isomorphism on W1.
Example. Let Z ⊂ X be a regular closed subscheme and let C = T ∗ZX|XT ⊂ T ∗X|XT be
the conormal bundle. Then we will show in Corollary 1.3.7 that a morphism h : W → X
of regular schemes of finite type over S is C-transversal if and only if h : W → X is
transversal to Z ⊂ X on a neighborhood of the closed fiber WT .
In particular, assume that S = SpecOK for a discrete valuation ring with perfect
residue field k, T = s = Spec k is the closed point, X is smooth over S and C = T ∗XsX|Xs
is the conormal bundle of the closed fiber Z = Xs. Then the condition that h : W → X is
C-transversal means that W → S is smooth on a neighborhood of Ws.
Lemma 1.3.4. Let h : W → X be a morphism of regular separated schemes of finite type
over S.
1. If h is C-transversal for C = T ∗X|XT , then h is smooth on a neighborhood of the
closed fiber WT .
2. If C = T ∗XX|XT is the 0-section, then h is C-transversal.
3. If h is smooth, for any closed conical subset C of T ∗X|XT , the morphism h is
C-transversal.
Proof. 1. Let E ∈ F (W ). The intersection of CE = T ∗X|E with Ker(T ∗X|E → T ∗W |E)
is a subset of the 0-section if and only if H1(LE/X) → H1(LE/W ) is a locally splitting
injection. By Proposition 1.1.11.1, this means that W → X is smooth on a neighborhood
of the image of E.
2. Since CE is the 0-section for each E ∈ F (W ), its intersection with the kernel
Ker(T ∗X|E → T ∗W |E) is also the 0-section.
3. If h is smooth, the morphism T ∗X|E → T ∗W |E is an injection by Proposition
1.1.11.1. Hence for any subset CE ⊂ T ∗X|E, its intersection with the kernel Ker(T ∗X|E →
T ∗W |E) is a subset of the 0-section.
Lemma 1.3.5. Let h : W → X be a morphism of regular separated schemes of finite type
over S and let C be a closed conical subset of T ∗X|XT . Assume that h is C-transversal.
Then, for a morphism g : V → W of regular schemes of finite type over S, the following
conditions are equivalent:
(1) The morphism g is h◦C-transversal.
(2) The composition hg is C-transversal.
If these equivalent conditions are satisfied, we have (hg)◦C = g◦h◦C.
Proof. Let E ∈ F (V ). Then, the condition (1) means that for E ∈ F (W ) the intersection
CE ∩ Ker(T ∗X|E → T ∗W |E) is a subset of the 0-section and further that for the image
h◦CE ⊂ T ∗W |E of CE , the intersection h◦CE ∩ Ker(T ∗W |E → T ∗V |E) is a subset of the
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0-section. This means that CE∩Ker(T ∗X|E → T ∗V |E) is a subset of the 0-section, namely
the condition (2).
For E ∈ F (V ), the image of CE by T ∗X|E → T ∗V |E equals the image of h◦CE by
T ∗W |E → T ∗V |E.
Proposition 1.3.6. Let
(1.27)
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian diagram of morphisms of separated schemes of finite type over S such that
X, Y and V are regular. Let C be a closed conical subset of T ∗X|XT such that f is proper
on the base B(C). Then, the following conditions are equivalent:
(1) The morphism g is f◦C-transversal.
(2) There exists a regular neighborhood W1 ⊂ W of the inverse image of the base
B(C) such that f and g are transversal on W1 and that the restriction h1 : W1 → X is
C-transversal.
If these equivalent conditions are satisfied, we have g◦f◦C = f
′
1◦h
◦
1C for the restriction
f ′1 : W1 → V of f ′.
Proof. (1)⇒(2): Let x ∈ B(C) be a closed point and y = f(x) ∈ YT . Since the assertion
is e´tale local, we may assume that the morphism k(y) → k(x) of residue fields is an
isomorphism. There exist an open neighborhood U ⊂ X of x ∈ X and a cartesian
diagram
W
⊃←−−− W ×X U −−−→ Q −−−→ Vy y y y
X
⊃←−−− U −−−→ P −−−→ Y
such that P → Y is smooth and U → P is a closed immersion. Let w ∈ W be a closed
point above x and v = f ′(w) ∈ V . We may also assume that the morphisms k(y)→ k(v)
and hence k(x)→ k(w) are isomorphisms. We consider the cartesian diagram
T ∗wQ ←−−− T ∗v Vx x
T ∗xX ←−−− T ∗xP ←−−− T ∗y Y.
Let C˜x ⊂ T ∗xP and Ax ⊂ T ∗y Y be the inverse images of Cx ⊂ T ∗xX . Then, by the
condition (1), the intersection Ax ∩ Ker(T ∗y Y → T ∗v V ) is a subset of the 0-section. Since
T ∗y Y → T ∗xP induces an isomorphism Ker(T ∗y Y → T ∗v V ) → Ker(T ∗xP → T ∗wQ) by Propo-
sition 1.1.11.1, the intersection C˜x ∩Ker(T ∗xP → T ∗wQ) is a subset of the 0-section.
By the exact sequence 0 → T ∗XP |x → T ∗xP → T ∗xX → 0 in Proposition 1.1.11.2
and x ∈ B(C), we have T ∗XP |x ⊂ C˜x. Hence T ∗xP → T ∗wQ induces an injection on
T ∗XP |x. Namely, the morphism Q → P and the immersion U → P are transversal on a
neighborhood of w by Proposition 1.1.11.2.
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Hence the horizontal arrows of the commutative diagram
(1.28)
T ∗wW ←−−− T ∗v Vx x
T ∗xX ←−−− T ∗y Y
induce isomorphisms on the kernels and cokernels of the vertical arrows by Proposition
1.1.11. Since the intersection of the inverse image Ax with Ker(T
∗
y Y → T ∗wV ) is a subset
of the 0-section, the intersection of Cx with Ker(T
∗
xX → T ∗wW ) is also a subset of the
0-section. Namely, h is C-transversal on a neighborhood of w. Thus h is C-transversal on
a neighborhood of the inverse image of B(C).
Further an elementary diagram chasing shows that the inverse image of h◦C|w by
T ∗wW ← T ∗v V equals the image of Ax by T ∗y Y → T ∗v V . Hence we have g◦f◦C = f ′1◦h◦1C.
(2)⇒(1): Let w ∈ B(h◦1C) be a closed point and let v ∈ V, x ∈ X and y ∈ Y be
the image. Then, the commutative diagram (1.28) induces an isomorphism Ker(T ∗y Y →
T ∗v V ) → Ker(T ∗xX → T ∗wW ) on the kernels by Proposition 1.1.11. In the same notation,
since the intersection of Cx with Ker(T
∗
xX → T ∗wW ) is a subset of the 0-section, the
intersection of Ax with Ker(T
∗
y Y → T ∗v V ) is also a subset of the 0-section.
Corollary 1.3.7. Let (1.27) be a cartesian diagram of separated schemes of finite type
over S such that X, Y and V are regular and that f is an immersion. Then, the following
conditions are equivalent:
(1) The morphism g is T ∗XY |YT -transversal.
(2) g : V → Y is transversal with X → Y on a neighborhood of WT = V ∩XT .
Proof. It suffices to apply Proposition 1.3.6 together with Lemma 1.3.4.2 to the 0-section
C = T ∗XX|XT .
1.4 C-acyclicity
Definition 1.4.1. Let X be a regular separated scheme of finite type over S and let
C = (CE)E∈F (X) be a closed conical subset of T
∗X|XT . We say that a morphism f : X → Y
of regular schemes over S is C-acyclic if the following condition is satisfied: For E ∈ F (X),
the inverse image of CE ⊂ T ∗X|E by the morphism T ∗Y |E → T ∗X|E is a subset of the
0-section.
To see if f is C-acyclic, it suffices to check the condition for every closed point x ∈ XT
by Lemma 1.2.4.2.
The corresponding notion is called C-transversality in [4, 1.2] and [15, Definition 3.5].
Here to avoid confusion with the C-transversality for morphisms to X in Definition 1.3.2.1,
[4, 1.2] and [15, Definition 3.3], we introduce another terminology. We will show in Lemma
1.4.4.2 that for a morphism f : X → Y of regular schemes over S and a closed immersion
i : Z → X of regular schemes over S, the morphism f is T ∗ZX|XT -acyclic if and only if the
composition fi is smooth on a neighborhood of ZT .
Lemma 1.4.2. Let f : X → Y be a morphism of regular separated schemes of finite type
over S and let C be a closed conical subset of T ∗X|XT .
1. The following conditions are equivalent:
(1) f is C-acyclic.
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(2) f is smooth on the neighborhood of the base B(C) and for E ∈ F (X), the intersec-
tion of CE ⊂ T ∗X|E with the image of the morphism T ∗Y |E → T ∗X|E is a subset of the
0-section.
2. If C = T ∗XX|XT is the 0-section, the following conditions are equivalent:
(1) f is C-acyclic.
(2) f is smooth on the neighborhood of XT .
Proof. 1. Let E ∈ F (X). The inverse image of CE ⊂ T ∗X|E by the morphism T ∗Y |E →
T ∗X|E is a subset of the 0-section if and only if the inverse image of the 0-section by
T ∗Y |E → T ∗X|E on the base B(CE) ⊂ E and the intersection of CE ⊂ T ∗X|E with
the image of the morphism T ∗Y |E → T ∗X|E are subsets of the 0-sections. The inverse
image of the 0-section by T ∗Y |E ×E B(CE) → T ∗X|E ×E B(CE) is a subset of the 0-
section means that the morphism H1(LE/Y ) → H1(LE/X) is a locally splitting injection
on a neighborhood of the base B(CE) ⊂ E. Hence the assertion follows from Proposition
1.1.11.1.
2. Since the intersection of the image of T ∗Y |E → T ∗X|E with C = T ∗XX|XT is a
subset of the 0-section, the assertion follows from 1.
Proposition 1.4.3. Let
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian diagram of separated schemes of finite type over S such that X, Y and V
are regular and let C be a closed conical subset of T ∗X|XT . Then the following conditions
are equivalent:
(1) f is C-acyclic on a neighborhood of the image h(WT ).
(2) There exists a regular neighborhood W1 ⊂ W of the inverse image of the base
B(C) satisfying the following conditions: f and g are transversal on W1, the restriction
h1 : W1 → X is C-transversal and the restriction f ′1 : W1 → V is h◦1C-acyclic.
Proof. First, we show that the both conditions imply that f is smooth on a neighborhood
of the intersection B(C) ∩ h(WT ). For (1), this follows from Lemma 1.4.2.1. For (2),
similarly, f ′1 is smooth on a neighborhood of B(h
◦
1C) = h
−1
1 (B(C)). This implies that f is
smooth on a neighborhood of h(h−11 (B(C))) = B(C)∩h(WT ) since f and g are transversal
on W1.
By replacing X by a neighborhood of B(C) ∩ h(WT ) smooth over Y , we may assume
that f is smooth. Then, W is regular and f and g are transversal. For E ∈ F (W ), by
Proposition 1.1.11.1, we have a commutative diagram
0 −−−→ T ∗V |E −−−→ T ∗W |E −−−→ T ∗W/V |E −−−→ 0x x x∼=
0 −−−→ T ∗Y |E −−−→ T ∗X|E −−−→ T ∗X/Y |E −−−→ 0
of exact sequences of vector bundles on E. Let C ′E ⊂ T ∗W |E be the image of CE ⊂ T ∗X|E
and let AE ⊂ T ∗Y |E and A′E ⊂ T ∗V |E be their inverse images.
Since the right vertical arrow is an isomorphism, the lower left arrow induces an iso-
morphism Ker(T ∗Y |E → T ∗V |E) → Ker(T ∗X|E → T ∗W |E). Hence AE is a subset of the
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0-section if and only if A′E and CE ∩Ker(T ∗X|E → T ∗W |E) are subsets of the 0-sections
and the assertion follows.
Lemma 1.4.4. Let f : X → Y be a morphisms of regular separated schemes of finite type
over S.
1. Let C be a closed conical subset of T ∗X|XT and assume that f is proper on the base
B(C). Let g : Y → Z be a morphism of regular schemes of finite type over S. Then the
following conditions are equivalent:
(1) g is f◦C-acyclic.
(2) gf is C-acyclic.
2. Let p : V → X be a proper morphism of regular separated schemes of finite type over
S and let C = p◦T
∗
V V |VT ⊂ T ∗X|XT . Then, the following conditions are equivalent:
(1) f is C-acyclic.
(2) The composition fp is smooth on a neighborhood of VT .
Proof. 1. Let x ∈ XT be a closed point and y ∈ YT and z ∈ ZT be the images. Since the
assertion is e´tale local, we may also assume that the morphisms k(z) → k(y)→ k(x) are
isomorphisms.
Let Ax be the inverse image of Cx by T
∗
xX ← T ∗y Y . Then, the inverse image A′x of Cx
by T ∗xX ← T ∗z Z equals the inverse image A′′x of Ax by T ∗y Y ← T ∗z Z. Since the condition
(1) (resp. (2)) is equivalent to that A′x (resp. A
′′
x) is a subset of the 0-section for any x, the
assertion follows.
2. By 1. applied to p◦T
∗
V V |VT = T ∗VX|XT , the condition (1) is equivalent to that the
composition fp is T ∗V V |VT -acyclic. Hence the assertion follows from Lemma 1.4.2.2.
Definition 1.4.5. Let X be a regular separated scheme of finite type over S and let C =
(CE)E∈F (X) be a closed conical subset of T
∗X|XT . We say that a pair (h, f) of morphisms
h : W → X, f : W → Y of regular schemes over S is C-acyclic if for every E ∈ F (W ), the
intersection of CE×E T ∗Y |E ⊂ T ∗X|E×E T ∗Y |E with the kernel Ker(T ∗X|E×E T ∗Y |E →
T ∗W |E) is a subset of the 0-section.
Lemma 1.4.6. Let X be a regular separated scheme of finite type over S and let C be a
closed conical subset of T ∗X|XT .
1. Let f : X → Y be a morphism of regular separated schemes of finite type over S.
Then the following conditions are equivalent:
(1) f is C-acyclic.
(2) (1X , f) is C-acyclic.
2. Let h : W → X and f : W → Y be morphisms of regular separated schemes of finite
type over S. Then the following conditions are equivalent:
(1) (h, f) is C-acyclic.
(2) h is C-transversal and f is h◦C-acyclic.
Proof. 1. Let E ∈ F (X) and identify the kernel of T ∗X|E ×E T ∗Y |E → T ∗X|E, with
the image of the injection (df,−) : T ∗Y |E → T ∗X|E ×E T ∗Y |E . Then the inverse image in
T ∗Y |E of CE×ET ∗Y |E ⊂ T ∗X|E×ET ∗Y |E is the same as the inverse image of CE ⊂ T ∗X|E
and the assertion follows.
2. Let E ∈ F (W ). Since Ker(T ∗X|E → T ∗W |E) × 0 ⊂ Ker(T ∗X|E × T ∗Y |E →
T ∗W |E), the C-acyclicity of (h, f) implies the C-transversality of h. By 1., the h◦C-
acyclicity of f is equivalent to the condition that the intersection of h◦CE ×E T ∗Y |E with
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Ker(T ∗W |E × T ∗Y |E → T ∗W |E) is a subset of the 0-section for every E ∈ F (W ). This
condition is equivalent to the C-acyclicity of (h, f) since h◦CE ×E T ∗Y |E is the image of
CE ×E T ∗Y |E.
2 E´tale sheaves
In this section, we study properties of morphisms of schemes with respect to complexes
on the e´tale site of a scheme corresponding to the transversality and the acyclicity studied
in Section 1. The transversality is defined as a condition for a canonical morphism for
extraordinary pull-back to be an isomorphism. In Section 2.1, after preparing some sorites
on the canonical morphism, we establish basic properties on the transversality correspond-
ing to those in Section 1.3. The acyclicity corresponds to the local acyclicity. In Section
2.2, after recalling basic properties of local acyclicity, we study the relation between the
local acyclicity and the transversality.
In the rest of article, Λ denotes a finite field of characteristic ℓ invertible on relevant
noetherian schemes. The derived categories D+(−,Λ) of bounded below complexes and
Dbc(−,Λ) of constructible complexes are defined as usual.
2.1 F-transversality
Let h : W → X be a separated morphism of finite type of noetherian schemes and Λ be
a finite field of characteristic ℓ invertible on X . The functor Rh! : D+(X,Λ)→ D+(W,Λ)
is defined as the adjoint of Rh! : D(W,Λ) → D(X,Λ) in [6, The´ore`me 3.1.4.]. If X
is quasi-excellent, by the finiteness theorem [13, The´ore`me 1.1.1], we have a functor
Rh! : Dbc(X,Λ)→ Dbc(W,Λ) see also [8, Corollaire 1.5].
Let F ∈ D+(X,Λ) and G ∈ D+(W,Λ) . Then, the adjoint of the morphism h∗F ⊗
h∗Rh∗G → h∗F⊗G induced by the adjunction h∗Rh∗G → G defines a canonical morphism
(2.1) F ⊗ Rh∗G → Rh∗(h∗F ⊗ G).
If h is an open immersion and if G = h∗GX for some extension of G on X , (2.1) is identified
with the morphism F ⊗RHom(h!Λ,GX)→ RHom(h!Λ,F ⊗ GX) defined by the product.
Applying the construction (2.1) to a compactification of h and the extension by 0, a
canonical isomorphism
(2.2) F ⊗Rh!G → Rh!(h∗F ⊗ G)
of projection formula [7, (4.9.1)] is defined.
Definition 2.1.1. Let h : W → X be a separated morphism of finite type of quasi-excellent
noetherian schemes. Let F ∈ D+(X,Λ).
1. Let G ∈ D+(X,Λ). We define a canonical morphism
(2.3) cF ,G,h : F ⊗ Rh!G → Rh!(F ⊗ G)
to be the adjoint of the composition
Rh!(h
∗F ⊗ Rh!G)→ F ⊗Rh!Rh!G → F ⊗ G
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of the inverse of the isomorphism (2.2) and the morphism induced by the adjunction
Rh!Rh
!G → G. For G = Λ, we define a canonical morphism
(2.4) cF ,h : h
∗F ⊗L Rh!Λ→ Rh!F
to be cF ,Λ,h.
Lemma 2.1.2. Let h : W → X be a separated morphism of finite type of noetherian
schemes. Let F ∈ D+(X,Λ).
1. Let G,H ∈ D+(X,Λ). Then, the diagram
(2.5)
h∗F ⊗Rh!(G ⊗H) cF,G⊗H,h−−−−−→ Rh!(F ⊗ G ⊗H)
1⊗cG,H,h
x xcF,G,h⊗1
h∗F ⊗Rh!G ⊗ h∗H cF,G,h⊗1−−−−−→ Rh!(F ⊗ G)⊗ h∗H
is commutative.
2. Let g : V → W be a separated morphism of finite type of schemes and let G ∈
D+(X,Λ). Then, the diagram
(2.6) (hg)∗F ⊗ R(hg)!G cF,G,hg // R(hg)!F
g∗h∗F ⊗Rg!Rh!G
OO
c
h∗F,Rh!G,g
**❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
Rg!Rh!F
OO
g∗h∗F ⊗ Rg!Λ⊗ g∗Rh!G
1⊗c
Rh!G,g
OO
ch∗G,g⊗1 **❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
Rg!(h∗F ⊗ Rh!G)
Rg!(cF,G,h)
OO
Rg!h∗F ⊗ g∗Rh!G.
c
h∗F,Rh!G,g
OO
where the upper vertical arrows are canonical isomorphisms [6, (3.1.13.1)] is commutative.
3. Let
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian diagram of separated morphisms of finite type such that f is proper on the
support of F . Then, the diagram
(2.7)
g∗Rf∗F ⊗Rg!Λ cRf∗F,g−−−−→ Rg!Rf∗Fy y
Rf ′∗h
∗F ⊗Rg!Λ Rf ′∗Rh!F
(2.1)
y xRf ′∗(cF,h)
Rf ′∗(h
∗F ⊗ f ′∗Rg!Λ) −−−→ Rf ′∗(h∗F ⊗Rh!Λ)
where the arrows without tags are defined by base change morphisms is commutative.
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Proof. 1. The diagram
Rh!Rh
!(G ⊗H) −−−→ G ⊗H
Rh!(cG,H,h)
x x
Rh!(Rh
!G ⊗ h∗H) (2.2)←−−− Rh!Rh!G ⊗H
where the arrows without tags are defined by the adjunction is commutative by the defi-
nition of cG,H,h. Tensored with F , this implies that the upper triangles in
h∗F ⊗Rh!(G ⊗H)cF,G⊗H,h // Rh!(F ⊗ G ⊗H)
h∗F ⊗Rh!G ⊗ h∗H
1⊗cG,H,h
OO
cF⊗H,G,h
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
cF,G,h⊗1// Rh!(F ⊗ G)⊗ h∗H
cF,G,h⊗1
OO
is commutative. The lower triangle is similarly commutative and the assertion follows.
2. The lower quadrangle is commutative by 1. The composition g∗h∗F ⊗ Rg!Rh!G →
Rg!Rh!F through Rg!(h∗F ⊗ Rh!G) is the adjoint of Rh!Rg!(g∗h∗F ⊗ Rg!Rh!G) → F ⊗
Rh!Rg!Rg
!Rh!G induced by the adjunction Rh!Rg!Rg!Rh!G → Rh!Rh!G → G. Since the
last morphism is identified with the adjunction R(hg)!R(hg)
!G → G, the upper pentagon
is also commutative.
3. For G ∈ D+(V,Λ), we consider the diagram
(2.8)
f ∗Rg!(g
∗Rf∗F ⊗ G) f
∗(2.2)←−−−− f ∗Rf∗F ⊗ f ∗Rg!G −−−→ F ⊗ f ∗Rg!Gy y
Rh!f
′∗(Rf ′∗h
∗F ⊗ G) −−−→ Rh!(h∗F ⊗ f ∗G) (2.2)←−−− F ⊗Rh!f ′∗G
defined as follows. The vertical arrows are defined by the base change morphisms and the
horizontal arrows without labels are defined by adjunction. We see that the diagram is
commutative by reducing to the case where g is proper and going back to the definition
of (2.2).
We apply (2.8) to G = Rg!Λ. Since the composition f ∗Rg!Rg!Λ → Rh!f ′∗Rg!Λ →
Rh!Rh
!Λ → Λ of the base change morphisms with the adjunction is induced by the
adjuncion Rg!Rg
!Λ→ Λ, we obtain a commutative diagram
(2.9)
f ∗Rg!(g
∗Rf∗F ⊗Rg!Λ) f
∗(2.2)←−−−− f ∗Rf∗F ⊗ f ∗Rg!Rg!Λ −−−→ Fy x
Rh!f
′∗(Rf ′∗h
∗F ⊗ Rg!Λ) −−−→ Rh!(h∗F ⊗Rh!Λ) (2.2)←−−− F ⊗ Rh!Rh!Λ
Since the canonical morphism (2.4) is defined as the adjoint of (2.2), we obtain (2.7) by
taking the adjoint of (2.9).
Lemma 2.1.3. Let i : Z → X be a closed immersion of noetherian schemes and let F ,G ∈
D+(X,Λ).
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1. We define the slant arrow and the vertical arrow in the diagram
(2.10) F ⊗ i∗Ri!G (2.2) //
))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
i∗(i
∗F ⊗Ri!G) i∗(cF,G,i) // i∗Ri!(F ⊗ G)

F ⊗ RHom(i∗Λ,G) // RHom(i∗Λ,F ⊗ G)
by the canonical isomorphism i∗Ri
! → RHom(i∗Λ,−) and the lower horizontal arrow by
the product. Then, the diagram (2.10) is commutative.
2. Let j : U = X Z → X be the open immersion of the complement. Then, the exact
sequence 0→ j!Λ→ Λ→ i∗Λ→ 0 defines a commutative diagram
(2.11)
F ⊗ i∗Ri!G −−−→ F ⊗ G −−−→ F ⊗ Rj∗j∗G −−−→
cF,G,i
y ∥∥∥ y(2.1)
i∗Ri
!(F ⊗ G) −−−→ F ⊗ G −−−→ Rj∗j∗(F ⊗ G) −−−→
of distinguished triangles.
Proof. 1. By the definition of cF ,G,i, the morphism i∗(cF ,G,i) : i∗(i
∗F⊗Ri!G)→ i∗Ri!(F⊗G)
is the unique morphism such that the diagram
F ⊗ i∗Ri!G −−−→ F ⊗ G
(2.2)
y x
i∗(i
∗F ⊗Ri!G) i∗(cF,G,i)−−−−−→ i∗Ri!(F ⊗ G)
is commutative. Here the arrows without tag are defined by the adjunction i∗Ri
! → 1.
Since the lower horizontal arrow satisfies a similar property, the assertion follows.
2. The exact sequence 0→ j!Λ→ Λ→ i∗Λ→ 0 defines a commutative diagram
(2.12)
F ⊗ RHom(i∗Λ,G) −−−→ F ⊗ G −−−→ F ⊗RHom(j!Λ,G) −−−→y y y
RHom(i∗Λ,F ⊗ G) −−−→ F ⊗ G −−−→ RHom(j!Λ,F ⊗ G) −−−→
of distinguished triangles. By 1., the left vertical arrow of (2.11) is identified with that of
(2.12) and similarly for the right vertical arrows.
Lemma 2.1.4. Let
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian of morphisms of finite type of regular noetherian schemes. If f and g are
transversal, then the base change morphism f ∗Rg!Λ→ Rh!Λ is an isomorphism of locally
constant complexes.
We say that a complex F is locally constant, if its cohomology sheaf HqF is locally
constant for every q and if HqF = 0 except for finitely many q.
23
Proof. Since the assertion is local, we may assume that the morphism g is a composition
of a smooth morphism and a regular immersion. Hence, it suffices to show each case.
Assume that g is a smooth of relative dimension d. Then, the adjoint of the trace
morphism Rg!Λ(d)[2d]→ Λ [6, The´ore`me 2.9] defines an isomorphism Λ(d)[2d]→ Rg!Λ by
Poincare´ duality [6, The´ore`me 3.2.5]. Since the formation of the trace morphism commutes
with base change, the assertion follows in this case.
Assume that g is a regular immersion of codimension c. Then, by the absolute pu-
rity [14, The´ore`me 3.1.1], the fundamental class [V ] defines an isomorphism Λ →
Rg!Λ(c)[2c]. Since f and g are transversal, further by the absolute purity, the funda-
mental class [W ] = f ![V ] defines an isomorphism Λ → Rh!Λ(c)[2c]. Hence the base
change morphism f ∗Rg!Λ→ Rh!Λ is an isomorphism.
Definition 2.1.5. Let h : W → X be a separated morphism of finite type of noetherian
schemes and let F ∈ D+(X,Λ). We say that h is F-transversal if the canonical morphism
(2.4) is an isomorphism.
For a closed immersion i : Z → X of regular noetherian schemes and a separated
morphism h : W → X of finite type of regular noetherian schemes, we show that h is
i∗Λ-transversal if h and i are transversal in Corollary 2.1.9.2. If h is also an immersion, if
Z andW meets properly, if the reduced part V of Z×XW is regular and if the intersection
multiplicity µ(Z,W ) is invertible in Λ, then h is still i∗Λ-transversal. Hence the converse
does not hold.
Lemma 2.1.6. Let h : W → X be a separated morphism of finite type of noetherian
schemes and let F ∈ D+(X,Λ).
1. If h : W → X is smooth, then h is F-transversal.
2. If F is locally constant, then h is F-transversal.
Proof. 1. This is exactly the Poincare´ duality [6, The´ore`me 3.2.5].
2. Since the assertion is e´tale local, the assertion is reduced to the case where F = Λ
by devissage.
Lemma 2.1.7. Let i : Z → X be a closed immersion of noetherian schemes and let F ∈
D+(X,Λ).
1. Assume that Z is the union of closed subsets Z1, . . . , Zn ⊂ X and that for each
subset I ⊂ {1, . . . , n}, the immersion iI : ZI =
⋂
j∈I Zj → X is F-transversal. Then,
i : Z → X is F-transversal.
2. Let j : U = X Z → X be the open immersion of the complement. Then, the
following conditions are equivalent:
(1) i : Z → X is F-transversal.
(2) The canonical morphism F ⊗Rj∗Λ→ Rj∗j∗F is an isomorphism.
Proof. 1. The quasi-isomorphism i∗Λ → [
⊕
j∈I ij∗Λ → · · · →
⊕
|I|=p iI∗Λ → · · · ] de-
fines a spectral sequence Ep,q1 =
⊕
|I|=−pR
qHom(iI∗Λ,−) ⇒ Rp+qHom(i∗Λ,−). By
Lemma 2.1.3.1, the assumption implies that the morphisms F ⊗ RqHom(iI∗Λ,Λ) →
RqHom(iI∗Λ,F) on E1-terms are isomorphisms. Hence the assertion follows.
2. The assertion follows from Lemma 2.1.3.2 for G = Λ.
Proposition 2.1.8. Let h : W → X be a separated morphism of finite type of noetherian
schemes and let F ∈ D+(X,Λ). Assume that h is F-transversal.
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1. Assume that Rh!Λ is locally constant on a neighborhood W1 of supp h
∗F such that
W1 ⊂ suppRh!Λ. Then, for a separated morphism g : V →W of finite type of noetherian
schemes, the following conditions are equivalent:
(1) g is h∗F-transversal.
(2) hg is F-transversal.
2. Let
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian diagram of morphisms of finite type of noetherian schemes. Assume that g
is separated and that Rg!Λ is locally constant of support V . Further assume that the base
change morphism
(2.13) f ′∗Rg!Λ→ Rh!Λ
is an isomorphism on a neighborhood of supp h∗F . Then the following conditions are
equivalent:
(1) The morphism g : V → Y is Rf∗F-transversal.
(2) The base change morphism
(2.14) g∗Rf∗F → Rf ′∗h∗F
is an isomorphism.
By Lemma 2.1.6.1, Proposition 2.1.8.2 (1)⇒(2) gives a generalization of the smooth
base change theorem [3, Corollaire 1.2].
Proof. 1. We consider the commutative diagram (2.6) for G = Λ. Since h is assumed to be
F -transversal, cF ,h is an isomorphism. Since Rh!Λ is locally constant on a neighborhood
of the support of h∗F , the morphisms 1⊗ cRh!Λ,g and ch∗F ,Rh!Λ,g are isomorphisms. Hence
cF ,hg is an isomorphism if and only if ch∗F ,g ⊗ 1 is an isomorphisms. Further by the
assumption on the support of Rh!Λ, the latter condition is equivalent to the condition
that ch∗F ,g is an isomorphism.
2. We consider the commutative diagram (2.7). By the proper base change theorem
or [6, Corollaire 3.1.12.3], the upper right vertical arrow is an isomorphism. Since h is
assumed F -transversal, the lower right vertical arrow Rf ′∗(cF ,h) is an isomorphism. By
the assumption on Rg!Λ, the upper left vertical arrow is an isomorphism if and only if
(2.14) is an isomorphism. Further the arrow labeled (2.1) is an isomorphism. Since (2.13)
is assumed to be an isomorphism, the bottom horizontal arrow is an isomorphism. Hence
the assertion follows from the commutative diagram (2.7).
Corollary 2.1.9. 1. Let the assumption be the same as in Proposition 2.1.8.2. Assume
further that f is proper on the support of F . Then, g is Rf∗F-transversal.
2. Let p : Z → X be a proper morphisms of regular schemes and let h : W → X be a
separated morphism of finite type of regular schemes. If h and p are transversal, then h is
Rp∗Λ-transversal.
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Proof. 1. By the assumption that f is proper on the support of F , the base change mor-
phism (2.14) is an isomorphism by the proper base change theorem. Hence the assertion
follows from Proposition 2.1.8.2 (2)⇒(1).
2. Let
Z
g←−−− V
p
y yp′
X
h←−−− W
be a cartesian diagram. By Lemma 2.1.4, the base change morphism p′∗Rh!Λ → Rg!Λ is
an isomorphism. Since g is Λ-transversal and p is proper, h is Rp∗Λ-transversal by 1.
2.2 Local acyclicity and F-transversality
Let f : X → Y be a morphism of schemes and x and y be geometric points of X and Y .
Let f(x) denote the geometric point of Y defined by the composition x → X → Y and
let X(x) → Y(f(x)) be the induced morphism of strict localizations. We call a morphism
y → Y(f(x)) of schemes over Y a specialization f(x) ← y and call X(x),y = X(x) ×Y(f(x)) y
the Milnor fiber. For a complex F of Λ-modules on X , the pull-back by X(x),y → X(x)
defines a canonical morphism
(2.15) Fx = RΓ(X(x),F|X(x))→ RΓ(X(x),y,F|X(x),y).
Definition 2.2.1 (cf. [8, De´finition 2.12]). Let f : X → Y be a morphism of schemes and
Z ⊂ X be a closed subset. Let F be a complex of Λ-modules on X. We say that f is locally
acyclic relatively to F or F-acyclic for short along Z if for every geometric point x of Z
and for every specialization f(x) ← y, the canonical morphism Fx → RΓ(X(x),y,F|X(x),y)
(2.15) is an isomorphism. If X = Z, we drop along Z in the terminology.
We say that f is universally F-acyclic along Z, if for every morphism Y ′ → Y , the
base change X ′ → Y ′ is locally acyclic relatively to the pull-back of F along the inverse
image Z ′ ⊂ X ′ of Z.
Lemma 2.2.2. Let f : X → Y be a morphism of schemes and Z ⊂ X be a closed subset.
Let F ∈ D+(X,Λ).
1. The following conditions are equivalent.
(1) f is F-acyclic along Z.
(2) Let s ← t be a specialization of geometric points of Y such that t is the spectrum
of an algebraic closure of the residue field of the point of Y below t. Let Y(s) denote the
strict localization and let
(2.16)
Xs
i′s−−−→ X ×Y Y(s) j
′
t←−−− Xt
fs
y f(s)y yft
s
is−−−→ Y(s) jt←−−− t
be the cartesian diagram. Then, the canonical morphism
(2.17) i′∗s F → i′∗s Rj′t∗j′∗t F
is an isomorphism on the inverse image of Z.
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2. For a proper morphism p : X → P of schemes over Y , we consider the following
conditions:
(1) f is F-acyclic along Z.
(2) The morphism g : P → Y is Rp∗F-acyclic along p(Z).
We have (1)⇒(2). If p is finite and if Z = p−1(p(Z)), we have (2)⇒(1).
3. The following conditions are equivalent:
(1) f is universally F-acyclic along Z.
(2) For every smooth morphism Y ′ → Y and for the pull-back F ′ of F on X ′ = X×Y Y ′,
the base change f ′ : X ′ → Y ′ is F ′-acyclic along the inverse image Z ′ ⊂ X ′ of Z.
Since the local acyclicity is a local property, by locally taking an immersion X → AnY ,
the study of local acyclicity is reduced to the case where f : X → Y is the projection
AnY → Y by Lemma 2.2.2.2.
Proof. 1. A morphism y′ → y of geometric points of Y is the composition of a limit
of smooth morphisms and a homeomorphism in e´tale topology. Hence for a geomet-
ric point x of X and a specialization f(x) ← y, the pull-back RΓ(X(x),y,F|X(x),y) →
RΓ(X(x),y′ ,F|X(x),y′) is an isomorphism by the smooth base change theorem [3, Corol-
laire 1.2]. Thus, in the definition of local acyclicity, it suffices to consider specializations
f(x) ← y such that y is the spectrum of an algebraic closure of the residue field of the
point of Y below y.
In the notation of (2), for a geometric point x of Xs, the stalk of (2.17) at x equals the
Fx → RΓ(X(x),t,F|X(x),t) (2.15). Hence, the assertion follows.
2. (1)⇒(2): Let
(2.18)
Xs
i′s−−−→ X ×Y Y(s) j
′
t←−−− Xt
ps
y p(s)y ypt
Ps
i′′s−−−→ P ×Y Y(s) j
′′
t←−−− Pt
be the base change of X → P . Then, the isomorphism (2.17) implies an isomorphism
i′′∗s Rp(s)∗F → i′′∗s Rj′′t∗j′′∗t Rp(s)∗F on the inverse image of p(Z) by proper base change the-
orem.
(2)⇒(1): Let z be a geometric point of p(Z) and let p(z) ← y be a specialization.
Then the cospecialization morphism p∗Fz → RΓ(P(z),y, p∗F|P(z),y) is the direct sum of
(2.15) for x ∈ p−1(z) since p is finite. Hence the assertion follows from the assumption
Z = p−1(p(Z)).
3. Since the local acyclicity is a local property preserved by base change by immersions
and commutes with limits, the assertion follows.
Lemma 2.2.3. Let X be a noetherian scheme and F ∈ Db(X,Λ).
1. If F is locally constant and if f : X → Y is smooth, then f is F-acyclic.
2. If 1X : X → X is F-acyclic along Z and if F is constructible, then F is locally
constant on a neighborhood of Z.
Proof. 1. By devissage, the assertion follows from the local acyclicity of smooth morphism
[2, The´ore`me 2.1].
2. For every geometric point s of Z and every specialization s← t of geometric points
of X , the cospecialization morphism Fs → Ft is an isomorphism. Hence the constructible
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sheaf HqF is locally constant on a neighborhood of every geometric point s of Z for every
q ∈ Z by [1, Proposition 2.11]. Hence F is locally constant on a neighborhood of Z.
Proposition 2.2.4 (cf. [15, Proposition 8.11]). Let OK be a discrete valuation ring. Let
f : X → Y be a smooth morphism of regular schemes of finite type over S = SpecOK and
Z ⊂ X be a closed subset. Let F be a constructible complex of Λ-modules on X. Assume
that for every separated morphism V → Y of regular scheme of finite type over S, the
projection h : W = X ×Y V → X is F-transversal on a neighborhood of h−1(Z).
1. Let
(2.19)
X
p′←−−− X ′ j′←−−− W
f
y yf ′ yf ′V
Y
p←−−− Y ′ j←−−− V
be a cartesian diagram of regular schemes of finite type over S. Assume that p is proper
and that j : V = Y ′ D → Y ′ is the open immersion of the complement of a divisor D
with simple normal crossings. Then, the composition
(2.20) F ⊗ f ∗R(pj)∗Λ→ F ⊗ R(p′j′)∗Λ (2.1)−−−→ R(p′j′)∗(p′j′)∗F
where the first morphism is induced by the base change morphism is an isomorphism on a
neighborhood of Z.
2. f is universally F-acyclic along Z.
For the sake of completeness, we record the proof in [15] with more detail.
Proof. 1. Let D1, . . . , Dn be the irreducible components of D. For a subset I ⊂ {1, . . . , n},
let X ′I = X
′ ×Y ′ (
⋂
i∈I Di) and let i
′
I : X
′
I → X ′ be the closed immersion. By the assump-
tion, p′ : X ′ → X and p′i′I : X ′I → X are F -transversal on neighborhoods of the inverse
images of Z.
Let F ′ = p′∗F . Since the assumption on Rh!Λ in Proposition 2.1.8.1 is satisfied by the
absolute purity [14, The´ore`me 3.1.1], the immersions i′I : X
′
I → X ′ are F ′-transversal on
neighborhoods of the inverse images of Z by Proposition 2.1.8.1. Hence by Lemma 2.1.7,
the canonical morphism F ′⊗Rj′∗Λ→ Rj′∗j′∗F ′ (2.1) is an isomorphism on a neighborhood
of p′−1(Z). Since p′ is proper, we obtain an isomorphism Rp′∗(F ′⊗Rj′∗Λ)→ R(pj′)∗(pj′)∗F
on a neighborhood of Z.
By the projection formula (2.2), we have a canonical isomorphism F ⊗ Rp′∗Rj′∗Λ →
Rp′∗(F ′ ⊗ Rj′∗Λ). The base change morphism f ∗R(pj)∗Λ → Rp′∗Rj′∗Λ is an isomorphism
by the smooth base change theorem [3, Corollaire 1.2]. Hence the morphism (2.20) is an
isomorphism on a neighborhood of Z.
2. It suffices to show that for a smooth morphism Y ′ → Y , the base change X ′ → Y ′
of f is locally acyclic with respect to the pull-back of F by Lemma 2.2.2.3. Similarly as in
the proof of 1., the assumption is satisfied for the pull-back Y ′ → Y . Hence, by replacing
Y by Y ′, it suffices to show that f is locally acyclic with respect to F .
Let s ← t be a specialization of geometric points of Y as in Lemma 2.2.2.1 and let
the notation be as loc. cit. By [5, Theorem 4.1, Theorem 8.2], we may write t as a limit
lim←−λ Uλ of the complements Uλ = Yλ Dλ, in regular schemes Yλ endowed with a proper,
28
surjective and generically finite morphism pλ : Yλ → Y of divisors Dλ ⊂ Yλ with simple
normal crossings. Then, as the limit of (2.20), the canonical morphism
(2.21) F ⊗ f ∗(s)Rjt∗j∗tΛ→ Rj′t∗j′∗t F
is an isomorphism on the inverse image of Z. Since Y is normal, the canonical morphism
Λ→ i∗sRjt∗j∗tΛ is an isomorphism. Hence the isomorphism (2.21) induces an isomorphism
(2.17) on the inverse image of Z.
Corollary 2.2.5. Let X be a regular scheme of finite type over S = SpecOK and Z ⊂ X
be a closed subset. Let F be a constructible complex of Λ-modules on X. Assume that every
separated morphism h : W → X of regular scheme of finite type over S is F-transversal on
a neighborhood of the inverse image h−1(Z). Then F is locally constant on a neighborhood
of Z.
Proof. By Proposition 2.2.4 applied to 1X : X → X , the identity 1X : X → X is F -acyclic
along Z. Hence F is locally constant on a neighborhood of Z by Lemma 2.2.3.2.
We have a partial converse of Proposition 2.2.4 not used in the article.
Proposition 2.2.6 ([15, Corollary 8.10]). Let f : X → Y be a smooth morphism of noethe-
rian schemes and let F be a constructible complex of Λ-modules on X. Let i : Z → Y be
an immersion and let
X
h←−−− W
f
y y
Y
i←−−− Z
be a cartesian diagram. If f : X → Y is F-acyclic, then h : W → X is F-transversal.
For the sake of convenience, we record the proof in [15].
Proof. We may assume that i : Z → Y is a closed immersion. Let V = Y Z and consider
the cartesian diagram
(2.22)
W
h−−−→ X j′←−−− U
g
y fy yfV
Z
i−−−→ Y j←−−− V.
By [12, Proposition 2.10] applied to the right square, we obtain an isomorphism F ⊗
f ∗Rj∗Λ→ Rj′∗j′∗F . Since f is smooth, this induces an isomorphism F⊗Rj′∗Λ→ Rj′∗j′∗F
by smooth base change theorem [3, Corollaire 1.2]. Hence the assertion follows by Lemma
2.1.7.2.
Corollary 2.2.7. Let
V ′
g′−−−→ X ′ f ′−−−→ Y ′
hV
y hy yh′
V
g−−−→ X f−−−→ Y
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be a cartesian diagram of morphisms of finite type of schemes such that f : X → Y is
smooth and that the vertical arrows are separated. Assume that Rh!Λ is locally constant
of support X ′ and that the base change morphism g′∗Rh!Λ→ Rh!VΛ is an isomorphism.
Let G be a constructible complex of Λ-modules on V and assume that f is Rg∗G-acyclic
and that fg is G-acyclic. Then, the base change morphism
(2.23) h∗Rg∗G → Rg′∗h∗V G
is an isomorphism.
Proof. Since f is Rg∗G-acyclic and fg is G-acyclic, by Proposition 2.2.6, h is Rg∗G-
transversal and hV is G-transversal. Hence the assertion follows from Proposition 2.1.8.2.
3 Micro-support
We keep the notation fixed in the begging of Section 1.2. Namely, S is a scheme and
T ⊂ S is a closed subscheme of finite type over a perfect residue field k of characteristic
p > 0. Let Λ denote a finite field of characteristic ℓ invertible on S.
3.1 Micro-support
Definition 3.1.1. Let X be a regular scheme of finite type over S and F be a constructible
complex of Λ-modules. Let C be a closed conical subset of T ∗X|XT . We say that F is
micro-supported on C if the following conditions (1) and (2) are satisfied:
(1) The intersection of the support suppF with the closed fiber XT is a subset of the
base B(C).
(2) Every C-transversal separated morphism h : W → X of regular scheme of finite
type over S is F-transversal on a neighborhood of the closed fiber WT .
The definition of micro-support is related to [15, Proposition 8.13] but is different from
[4, 1.3]. We discuss this point in Remark after Proposition 3.1.4. It is a property on a
neighborhood of the closed fibers. If the generic fiber XK is smooth over K, to cover the
generic fiber, one can use the micro-support of the restriction of F on XK defined as closed
conical subset of the cotangent bundle T ∗XK .
Lemma 3.1.2. Let X be a regular scheme of finite type over S and F be a constructible
complex of Λ-modules.
1. F is micro-supported on T ∗X|XT .
2. If F is locally constant on a neighborhood of the closed fiber XT , then F is micro-
supported on the 0-section T ∗XX|XT .
3. Assume that S is a scheme of finite type over a perfect field k of characteristic
p > 0. Suppose that F is micro-supported ([4, 1.3], [15, Definition 4.1]) on a closed conical
subset C ⊂ T ∗X. Then, F is micro-supported on the pull-back CT ⊂ T ∗X|XT of C.
We show the converse of 2 in Corollary 3.1.5.
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Proof. 1. Let h : W → X be a separated morphism of regular schemes of finite type over
S. If h is T ∗X|XT -transversal, then h is smooth on a neighborhood of WT by Lemma
1.3.4.2. Hence h is F -transversal on a neighborhood of WT by Lemma 2.2.3.1.
2. Let h : W → X be a separated morphism of regular schemes of finite type over
S. Then, since F is locally constant on a neighborhood of the closed fiber XT , h is
F -transversal on a neighborhood of WT by Lemma 2.1.6.2.
3. Let h : W → X be a separated morphism of regular schemes of finite type over S.
Then, h : W → X is a separated morphism of smooth schemes of finite type over k. If
h : W → X is CT -transversal, then h : W → X is C-transversal on a neighborhood W1 of
WT . Since F is micro-supported on C ⊂ T ∗X , the morphism h is F -transversal on W1 by
[15, Proposition 8.13].
Proposition 3.1.3. Let X be a regular scheme of finite type over S = SpecOK and let F
be a constructible complex of Λ-modules. Let C be a closed conical subset of T ∗X|XT such
that F is micro-supported on C.
1. Let h : W → X be a separated morphism of regular schemes of finite type over
S. If h is C-transversal, then h is F-transversal on a neighborhood of WT and h∗F is
micro-supported on h◦C.
2. Let f : X → Y be a morphism of regular schemes of finite type over S proper on the
base B(C). Then Rf∗F is micro-supported on f◦C.
Proof. 1. Let g : V → W be an h◦C-transversal separated morphism of regular schemes
of finite type over S. Then, by Lemma 1.3.5, hg and h are C-transversal. Since F is
micro-supported on C, hg and h are F -transversal on neighborhoods of VT and of WT
respectively. Hence by Proposition 2.1.8.1, g is h∗F -transversal on a neighborhood of VT .
2. Let g : V → Y be an f◦C-transversal separated morphism of regular schemes of
finite type over S and let
X
h←−−− W
f
y yf ′
Y
g←−−− V
be a cartesian diagram. Then, f and g are transversal on a regular neighborhoodW1 ⊂ W
of the inverse image of B(C) and h1 = h|W1 : W1 → X is C-transversal by Proposition
1.3.6. Since F is micro-supported on C, the restriction h1 : W1 → X is F -transversal.
Since the intersection of suppF with XT is a subset of B(C), the intersection of
A = supp h∗F withWT is a subset ofW1. Since the closed set A A∩W1 does not intersect
the closed fiber WT , the complement V0 = V f
′(A A ∩W1) is an open neighborhood
of VT . By replacing V by V0, we may assume A = supp h
∗F ⊂ W1. Then, h : W → X is
F -transversal. Since f and g are transversal onW1, the base change morphism f ′∗Rg!Λ→
Rh!Λ is an isomorphism on W1 by Lemma 2.1.4. Hence g is Rf∗F -transversal on V by
Corollary 2.1.9.1.
In the rest of this subsection, we assume that S = SpecOK for a discrete valuation ring
with perfect field k of characteristic p > 0 and T = Spec k ⊂ S is the closed subscheme
consisting of the closed point s.
Proposition 3.1.4. Let h : W → X and f : W → Y be morphisms of regular schemes of
finite type over S = SpecOK. Let F be a constructible complex of Λ-modules and C be
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a closed conical subset of T ∗X|Xs. Suppose that F is micro-supported on C. If the pair
(h, f) is C-transversal, then f : W → Y is h∗F-acyclic along Ws.
Proof. By Lemma 1.4.6.2, h : W → X is C-transversal and f : W → Y is h◦C-acyclic.
Since F is micro-supported on C, the pull-back h∗F is micro-supported on h◦C by Propo-
sition 3.1.3.1. Hence by replacing X by W , we may assume W = X .
Since f : X → Y is C-transversal, the morphism f is smooth on a neighborhood of
the intersection B(C) ∩ Xs ⊃ suppF ∩ Xs by Lemma 1.4.2.1. Hence, we may assume
f : X → Y is smooth.
Let V → Y be a separated morphism of regular schemes of finite type over S. Then
the projection p : U = V ×Y X → X is C-transversal by Proposition 1.4.3. Hence p is
F -transversal on a neighborhood of Us. Thus by Proposition 2.2.4, f is F -acyclic along
Xs.
Remark: The conclusion of Proposition 3.1.4 is an analogue of the original condition
defining the micro-support in [4, 1.3]. In the geometric case, this is shown to be equivalent
in [15, Proposition 8.13] to the condition analogue to that in Definition 3.1.1. However
the following example shows that the condition is too weak in the setting of this article.
Let X be a smooth scheme over S = SpecOK and C = T ∗XsX|Xs be the conormal
bundle of the closed fiber. Let (h, f) be a C-acyclic pair of morphisms of regular schemes
of finite type over S. Then, since h : W → X is transversal to the immersion Xs → X , the
closed fiber Ws is regular and W is smooth over S on a neighborhood of Ws by Lemma
1.4.6.2 and Corollary 1.3.7. Since f : W → Y is T ∗WsW |Ws-acyclic, further by Lemma
1.4.6.2 and Lemma 1.4.4.2, the morphism W → Y is smooth on a neighborhood of Ws
and Ws → Y is also smooth. This means that Ws is empty. Thus any F satisfies the
conclusion of Proposition 3.1.4.
Corollary 3.1.5. Let X be a regular scheme of finite type over S = SpecOK and F be a
constructible complex of Λ-modules. Then, the following conditions are equivalent.
(1) F is locally constant on a neighborhood of the closed fiber Xs.
(2) F is micro-supported on the 0-section T ∗XX|Xs.
Proof. (1)⇒(2) is proved in Lemma 3.1.2.2.
(2)⇒(1): By Proposition 3.1.4 applied to (1X , 1X), the identity 1X : X → X is F -
acyclic along Xs. Hence F is locally constant on a neighborhood of Xs by Lemma 2.2.3.2.
3.2 Singular support
Definition 3.2.1. Let X be a regular scheme of finite type over S and F be a constructible
complex of Λ-modules on X. We say that a closed conical subset C ⊂ T ∗X|XT is the
singular support SSF of F if the following condition is satisfied: For a closed conical
subset C ′ ⊂ T ∗X|XT , F is micro-supported on C ′ if and only if C ⊂ C ′.
If the singular support SSF exists, it is the intersection of closed conical subsets
C ⊂ T ∗X|XT on which F is micro-supported. The author does not know how to prove the
existence of the singular support in general. We compute the singular supports in some
cases.
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Lemma 3.2.2. Let X be a regular scheme of finite type over S and F be a constructible
complex of Λ-modules on X. We consider the following condition:
(DVR) S = SpecOK for a discrete valuation ring with perfect field k of characteristic
p > 0 and T = Spec k ⊂ S is the closed subscheme consisting of the closed point s.
1. We consider the following conditions:
(1) SSF is the 0-section T ∗XX|XT .
(2) F is locally constant on a neighborhood of XT and XT is a subset of the support of
F .
We have (2)⇒(1). If (DVR) is satisfied, we have (1)⇒(2).
2. We consider the following conditions:
(1) SSF = ∅.
(2) F = 0 on a neighborhood of XT .
We have (2)⇒(1). If (DVR) is satisfied, we have (1)⇒(2).
3. Assume that (DVR) is satisfied and X = S. If F is not locally constant, we have
SSF = T ∗S|s.
Proof. 1. (1)⇒(2): Since F is micro-supported on the 0-section T ∗XX|Xs, by Corollary
3.1.5, F is locally constant on a neighborhood of Xs. After replacing X by a neighborhood
of Xs, we may assume that F is locally constant. Then, the support Z = suppF is an
open and closed subset of X and F is micro-supported on the 0-section T ∗ZX|Xs on Z. By
the minimality of the singular support, we have T ∗ZX|Xs = T ∗XX|Xs and Xs ⊂ Z.
(2)⇒(1): Since F is locally constant on a neighborhood of XT , by Lemma 3.1.2.2, F
is micro-supported on the 0-section T ∗XX|XT . Suppose F is micro-supported on a closed
conical subset C ⊂ T ∗X|XT . Since XT ⊂ suppF , we have XT ⊂ B(C). This is equivalent
to T ∗XX|XT ⊂ C and we obtain T ∗XX|XT = SSF .
2. (1)⇒(2): Since the intersection suppF ∩ Xs is a subset of SSF = ∅, we have
Xs ⊂ X suppF and the condition (2) holds.
(2)⇒(1): Since every separated morphism h : W → X is F -transversal on a neighbor-
hood of WT and since the intersection suppF ∩ XT is empty, F is micro-supported on
∅.
3. By Lemma 3.1.2, F is micro-supported on T ∗S|s. Suppose that F is micro-supported
on a closed conical subset C ⊂ T ∗S|s. Since T ∗S|s is a line bundle, C is either ∅, the
0-section T ∗SS|s or T ∗S|s itself. Since F is not locally constant, by the contraposition of
Corollary 3.1.5 (2)⇒(1), F is not micro-supported on the 0-section T ∗SS|s.
We compute the singular support of certain Kummer sheaves. Let K be a finite
extension of Qp containing a primitive p-th root of 1 and let π ∈ OK be a uniformizer.
Let S = SpecOK and T = Spec k ⊂ S be the closed subscheme consisting of the closed
point s. Let X = Gm,OK = SpecOK [T±1] and let j : U = SpecK[T±1] → X be the open
immersion. Let e = ordKp ≧ p− 1 be the absolute ramification index.
For an integer 1 ≦ n <
pe
p− 1 congruent to 0 or 1 modulo p, let V = Vn → U be the
Kummer covering defined by tp = 1+πnT . We also define Kummer coverings V = V0 → U
and V = V∗ → U by tp = T and tp = π.
Fixing a non-trivial character Gal(V/U) = µp → Λ×, define a locally constant con-
structible sheaf FU of Λ-modules of rank 1 on U . Set F = j!FU .
Lemma 3.2.3. 1. For E ∈ F (X), the vector bundle T ∗X|E of rank 2 is spanned by the
basis d˜T, d˜π.
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2. The normalization π : W → X in V is regular. For E ∈ F (W ), the vector bundle
T ∗W |E of rank 2 is spanned by the basis d˜u, d˜T if n = pm+ 1, by d˜π, d˜u if n = pm > 0,
by d˜π, d˜T if n = 0 and by d˜t, d˜T if n = ∗.
3. For E ∈ F (W ), the direct image π◦T ∗WW |E ⊂ T ∗X|E is a sub line bundle spanned
by the following sections:
(3.1)


d˜π if n = pm+ 1 or n = ∗,
d˜T if n = pm ≧ 0 except the case below,
d˜T −√T · d˜π′ if p = 2, n = 2(e− 1) > 0 and 2 = πe−1π′.
4. The canonical morphism F = j!FU → Rj∗FU is an isomorphism.
Proof. 1. By Proposition 1.1.11.2, we have an exact sequence 0→ T ∗XsX|Xs → T ∗X|Xs →
T ∗Xs|Xs → 0. Since dT is a basis of T ∗Xs and dπ is a basis of T ∗XsX|Xs, the sections
d˜T, d˜π form a basis of T ∗X|E by Proposition 1.1.5.4.
2. Define a monic polynomial F ∈ OK [u] by πpmF = (1+πmu)p−1. By the assumption
n <
ep
p− 1, we have e > (p − 1)m and F ≡ u
p mod mK . If n = pm + 1 or n = pm > 0,
the normalization π : W → X in V is defined by F = πT or F = T respectively. Hence
W is regular in these cases. If n = 0 or ∗, the normalizations are defined by the equations
tp = T and tp = π and are also regular in these cases.
The description of T ∗W |Ws is similar as in 1.
3. Since Ws → Xs is a finite homeomorphism, the commutative diagram
E Ey y
W −−−→ X
defines a finite homeomorphism E → E ×X W . Hence it suffices to compute the kernel of
the morphism T ∗X|E → T ∗W |E for E ∈ F (W ). First, we consider the case n > 0. We
have e > (p− 1)n
p
≧ (p− 1)m in general and the equality e = (p− 1)m+ 1 holds if and
only if p = 2, n = pm and m = e− 1 > 0. Hence the coefficients of ui for i = 1, . . . , p− 1
in the polynomial F are in m2K except F = u
2 + 2/πm · u in the exceptional case.
If n = pm + 1, then d˜π is sent to 0. If n = pm > 0, then d˜T is sent to 0 except the
exceptional case. In the exceptional case, we have u2 + π′u = T for π′ = 2/πm. Hence d˜T
is sent to ud˜π′ where u2|E = T .
If n = 0 or n = ∗, then d˜T or d˜π is sent to 0 respectively. Thus, in each case, the
kernel is the line bundle spanned by the section (3.1).
4. Let jW : WK → W be the open immersion of the generic fiber. Since W is regular
and the reduced part of the closed fiber Ws is a smooth divisor, we have isomorphisms
Λ→ jW∗Λ, Λ|Ws(−1)→ R1jW∗Λ and RqjW∗Λ = 0 for q 6= 0, 1 by the absolute purity [14,
The´ore`me 3.1.1]. Since F is a direct summand of π∗Λ and Ws → Xs is a homeomor-
phism, the canonical morphism F = j!FU → Rj∗FU is an isomorphism.
To prove the equality SSF = π◦T ∗WW |Ws, we show the following.
Lemma 3.2.4. Let C = π◦T
∗
WW |Ws be the direct image and x ∈ Xs be a closed point.
Then, there exists a regular closed subscheme Z = SpecOL ⊂ W for a finite extension
34
L of K satisfying the following conditions: The composition Z → W → X is a closed
immersion. The point x is the image of the closed point of Z and the conormal bundle
T ∗ZX|x equals Cx.
Proof. We construct Z = SpecOL → W → X in each case. In the case n = pm > 0, let
L be the unramified extension of K with residue field k′ = k(x) and u ∈ O×L such that
v = F (u) ∈ O×L defines the immersion Spec k′ = x → X . Since the unramified extension
OL is generated over OK by u and hence by v ≡ up, the morphism Z = SpecOL → W → X
defined by u and T 7→ v is a closed immersion. We show that the conormal bundle T ∗ZX|x
is Cx. By replacing K by the unramified extension L, we may assume that v ∈ OL = OK .
Then, the conormal bundle T ∗ZX|x is spanned by d(T − v). Since d˜v = d˜F (u) = 0 in the
non-exceptional case and = ud˜π′ in the exceptional case, d˜(T − v) equals the basis d˜T of
Cx in the non-exceptional case and the basis d˜T −
√
T d˜π′ in the exceptional case.
In the case n = pm + 1, let K ′ be the unramified extension of K with residue field
k′ = k(x) and v ∈ O×K ′ such that v ∈ k′ defines the immersion Spec k′ = x→ X . Define L
by the Eisenstein equation F (u) = π(u+ v). Since the subring OK [u + v] ⊂ OL contains
v by Hensel’s lemma, we have OK [u + v] = OL. Hence the morphism Z = SpecOL →
W → X defined by u and T = u + v is a closed immersion. Since the ramification index
eL/K = p > 1, the conormal bundle T
∗
ZX|x equals the conormal bundle T ∗XsX|x spanned
by dπ. Hence we have T ∗ZX|x = Cx.
In the case n = 0, let L be the unramified extension of K with residue field k′ =
k(x) and t ∈ O×L such that v = tp defines the immersion Spec k′ = x → X . Since the
unramified extension OL is generated over OK by t and hence by v = tp, the morphism
Z = SpecOL → W → X defined by t and T 7→ v is a closed immersion. Similarly as in
the non-exceptional case n = pm > 0, after replacing K by L, we see that the conormal
bundle T ∗ZX|x is spanned by d˜T and is equal to Cx.
In the case n = ∗, let K ′ be the unramified extension of K with residue field k′ = k(x)
and v ∈ O×K ′ such that v ∈ k′ defines the immersion Spec k′ = x→ X . Let t be a solution
of tp = π and set L = K ′[t]. Similarly as in the case n = pm + 1, the integer ring OL is
generated over OK by v+t and the morphism Z = SpecOL →W = X×SSpecOK [t]→ X
defined by T 7→ v + t is a closed immersion. Similarly as in the case n = pm + 1, we see
that the conormal bundle T ∗ZX|x is spanned by dπ and is equal to Cx.
Proposition 3.2.5. We have SSF = C.
Proof. Since F is a direct summand of π∗Λ, by Proposition 3.1.3.2, the constructible sheaf
F is micro-supported on C = π◦T ∗WW |Ws.
Suppose F is micro-supported on a closed conical subset C ′. Let h : Z → X be the
closed immersion as in Lemma 3.2.4. The canonical morphism F = j!FU → Rj∗FU is
an isomorphism by Lemma 3.2.3. Since Z → X factors through Z → W , the restriction
FZ∩U is constant. Hence the morphism h is not F -transversal by the contraposition of
Proposition 2.1.8.2 (1)⇒(2). Since F is micro-supported on C ′, h is not C ′-transversal.
Namely the intersection of the line Cx = T
∗
ZX|x = Ker(T ∗X|x → T ∗Z|x) with C ′ is not a
subset of the 0-section for each closed point x ∈ Xs. This implies C ⊂ C ′ and the assertion
follows.
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